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PREFACE 

It is generally conceded that the final aim of mathemati- 
cal teaching should be not only the acquisition of practical 
knowledge, but that training of the student's mind which gives 
a distinct gain of mental power. In recognition of this prin- 
ciple nearly all college entrance examinations in geometry 
require some original work, and most text-books devote consid- 
erable space to exercises. Comparatively little, however, has 
been done to introduce the student systematically into original 
geometrical work. No teacher of physics or chemistry would 
ask a student to discover a law without so guiding his work 
as to enable him to reach the desired result ; many text-books 
and teachers expect the pupil to invent geometrical proofs and 
to solve problems, entirely new to him, without offering any 
assistance further than a knowledge of the well-established 
theorems of all text-books. Some writers give a description 
of the analysis of propositions, which is entirely logical and 
of great advantage to a person of some mathematical knowl- 
edge, but which is usually too abstract to be of any practical 
value to the beginner. In this book the attempt is made to 
introduce the student systematically to the solution of geomet- 
rical exercises. In the beginning the exercises given in a cer- 
tain group are of similar kind and related to the preceding 
proposition ; later some general principles are* developed 
which ai*e of fundamental importance for original work, as. 
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SYMBOLS AND ABBREVIATIONS 



+ . . 


plus, or added to. 


axlj. . 


adjacent. 


— . . 


minus, or diminished by. 


alt. . 


alternate. 


= . . 


equals, or is equal to. 


ax. . 


. axiom. 


<^ . . 


is equivalent to. 


circum. 


. circumference. 


< . 


is greater than. 


comp. 


. complement. 


< 


is less than. 


con. . 


. construction. 


. . 


therefore, or hence. 


cor. . 


. corollary. 


X . . 


perpendicular, or is per- 


corr. . 


. corresponding. 




pendicular to. 


def. . 


. definition. 


^ . . 


perpendiculars. 


ex. 


exercise. 


II . . 


parallel, or is parallel to. 


ext. . 


. . exterior. 


lis . . 


parallels. 


hom. . 


. homologous. 


'^ 


is similar to, or similar. 


hy. . 


. hypotenuse. 


z . . 


angle. 


hyp. . 


. hypothesis. 


A . . 


angles. 


int. . 


. interior. 


A . . 


triangle. 


isos. . 


isosceles. 


A . . 


triangles. 


rt. 


. right. 


O . . 


parallelogram. 


St. 


straight 


m . . 


parallelograms. 


sup. . 


supplementary 


O . . 


circle. 






© . . 


circles. 






Q.E.D 


. . . quod erat demonstrandum (whicl 


1 was to be proved). 


Q.E.F 


. . quod erat faciendum 


(which was 


to be done). 
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INTRODUCTION 

1. A physical body, such as a block of wood or iron, occupies 
a definite portion of space. The boundary which separates a 
body from space is called the surface of the j, 
body. 

If the material composing such a body could 
be removed without altering the surface, there 
would remain a portion of space called a geo- 
metrical solid or a solid. ^ ^ 

FlQ. 1. 

DEFINITIONS 

2. A solid is a limited portion of space. It has three dimen- 
sions, length, breadth, and thickness. 

3. Surfaces are the boundaries of solids, as ABED or ADHC 
(Fig. 1). They have two dimensions, length and breadth. 

4. Lines are the boundaries of surfaces, as AB, AD (Fig. 1), 
etc., and have but one dimension, length. 

5. Points are the boundaries or extremities of lines, and are 
without dimension, having position only. 

Surfaces maybe conceived as existing inde- 
pendent of the solids whose boundaries they 
form. In like manner, lines and points may 
exist independently in space. fJT"! 

6. Solids, surfaces, lines, and points are called geometrical 
magnitudes. 

B 1 




2 GEOMETRY 

7. Geometry is the science that treats of the properties of 
geometrical magnitudes. 

A ' 

8. A straight Ime is u line that has 
the same direction throughout its length, (^"^ 
as AB. The word " line " is frequently e" 
used to denote a straight line. Fig. 3. 

9. A curved line changes its direction at every point, as CD, 

10. A broken line is composed of several successive straight 
lines, as EF. 

11. A plane surface or a plane is such a surface that a straight 
line joining any two points in the surface lies entirely in the 
surface. 



12. A geometrical figure is any combination [ X p 
of solids, surfaces, lines, or points, as M or N. I ^| 

13. A plane figure is a geometrical figure, ^* 

all of whose points lie in the same plane, r y 

as AT. \ ^ \ 

14. Plane Geometry treats of plane figures Fig. 4. 
only. 

15. Solid Geometry treats of figures which are not plane. 

16. When one figure can be placed upon another so that 
each point of the one lies upon the corresponding point of the 
other, the figures are said to coincide. 

17. Equal magnitudes are those that can be made to coincide. 

18. Proof by superposition is the method of proving the 
equality of two figures by Ineans of coincidence. 

QUESTIONS 

1. What is the path of a moving point ? 

2. What geometrical magnitude is, in general, generated by a moving 
line ? by a moving surface ? 

3. What kind of a surface is represented by the walls of a room ? 
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LINES 

19. !From the definition of a straight line it appears that 
(a) two straight lines of unlimited length, coinciding in 

part, coincide throughout, 
(p) two straight lines can intersect only once, and 
(c) two points determine a straight line. 
The expression, straight line, is used to denote both an un- 
limited straight line and a part of such a line. 

20. A line of definite length is also called a segment and 
is represented by a line whose ends are marked, as A and B 

(Fig- 5)- ^, ^^ 

21. The length of this line is 

called the distance from A to B. C D 

A line whose ends are not marked ^^°- ^• 

represents a line of indefinite length, as CD, 

22. The direction of the line AB means the direction from 

A toward JB; of BA, from B A b ^ 

toward A. yiq. 6. 

23. To produce the line AB means to prolong it through B; 
to produce BA means to prolong it through A, 

24. To bisect a geometrical magnitude means to divide it 
into two equal parts. Thus, 

AC is bisected if AD equals ^i 1 \C 

DC ^«- '^• 

25. Two points, A and 5, are equidistant from a third point, 

C,iiCA=CB. 

ANGLES 

26. An angle is the inclination of two intersecting lines to 
each other. 

27. The vertex is the point of intersection, 
and the lines are the sides of the angle. The 
lines BA and BC, meeting in B, form the Fia. 8. 
angle ABC. B is the vertex, and BA and BC are the sides. 
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28. If there be only one angle at a vertex, 
it may be designated by one letter, as the 
angle B\ but if there be two or more, three 
letters are necessary, as angle ABD, An 
angle may be denoted also by a number or 
letter placed within, as angle 1, angle 2, angle a. 

29. To bisect an angle means to divide it 
into two equal parts. Thus, BC bisects the 
angle ABD, if angle ABC equals angle CBD. 
BC is called the bisector of angle ABD. ^ 

30. A straight angle is an angle whose sides 
lie in the same straight line but extend 
in opposite directions, as ACB. ^^ 




Fia. 9. 




D 



Fio. 10. 



c 

-H — 



-»B 



N 



Fio. 11. 



31. When two straight lines inter- 
sect so as to form four equal angles, 
each angle is called a right angle, as 
EOD, DOF, etc. A right angle is 
half a straight angle. 

32. An acute angle is an 

angle less than a right angle, j^^ 

as angle IKH, 

n 

33. An obtuse angle is Fig. 12. 

greater than a right angle, but less than a straight angle, 
as GKL 

34. A reflex angle i s one greater 
than a straight angle, but less 
than two straight angles, as ABC. 

35. Two lines are perpendicular 
to each other if they meet at 
right angles, as DN and EF 
(Fig. 11). The point is called 
the foot of the perpendicular DO. 




Fig. 13. 
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36. Oblique angles are acute, obtuse, or reflex. 

37. An angle is measured by finding how many times it con- 
tains a certain unit. The usual unit is the degree, or one-nine- 
tieth {-^^) of a right angle. A degree is divided into sixty 
equal parts called minutes, and a minute into sixty equal parts 
called seconds. Degrees, minutes, and seconds are expressed 
by symbols, as in 6° 50' 12". Eead six degrees, fifty minutes, 
and twelve seconds. ^a 

38. Adjacent angles are those that have y!!!^^^^''''^^^ 

a common vertex and one common side, „ -B*^^- ^ 

Ey 

as the angles ABC and CBD. 

39. Vertical angles are those that have 
a common vertex, and sides that are pro- 
longations of each other, as the angles 
EKH and GKF. Fia. 14. 

40. Complementary angles are those whose sum equals a 
right angle. Each is called the complement of the other. The 
angles LMN and NMO are complementary. 

L 






P M o 

Fia. 16. Fig. 16. 

41. Supplementary angles are those whose sum equals a 
straight angle. Each angle is called the supplement of the 
other. The angles PMN and NMO are supplementary. 

EXERCISES 

4. What is the supplement of an angle of 23° ? 
6. What is the complement of an angle of 45" ? 
6. How many degrees are there in an angle which is twice its com- 
plement ? 
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7. If an angle is equal to twice its supplement, what part of a straight 
angle is it ? 

8. What angle is formed by the hands of a clock at one o^clock? 
at 2:30? at 2:45? 

9. How many minutes does it take the minute hand of a clock 
to describe (a) a right angle? (6) an angle of 60°? (c) an angle 
of 46°? 

10. What is the complement of an angle of a degrees ? 

11. What is the supplement of an angle of n right angles ? 

12. If six lines radiate from a point, forming equal angles, find 
one angle (a) in degrees, (6) in right angles, and (c) in straight 
angles. 

13. What kind of an angle is less than its supplement ? equal to its 
supplement ? greater than its supplement ? 

14. Four lines, AO, BO, CO, and DO, meet 
in a point. Which angle is the sum of AOB 
and BOC? the sum of BOO and COD? the 
difference between BOD and COD ? 

15. In the same diagram, if 

AOB = 00°, BOC = 30°, and COD = 90°, 
find AOC, BOD, and AOD, 

» 16. If the four lines meet in a point so that yiq, 17. 

AOB = 120°, and BOC = COD = DOA, find BOC. 

17. In Fig. 17 name four pairs of adjacent angles. 

18. If two lines, AB and CD, intersect in O, making 
AOC = 00°, find the other angles. 

19. In the same diagram, if AOC = m degrees, how 
many degrees are in DOB? in BOC? 

20. If the four lines mentioned in Ex. 14 be drawn D' 
so that ^O is i)erpendicular to BO, and CO to DO, find Fig. 18. 
AOD (a) if BOC = 00°, (6) if BOC = m degrees. 

21. What relation exists between the angles BOC and AOD in the 
preceding exercise ? 
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22. If, in the annexed diagram, AO w perpendicular to CO, and BO 
is perpendicular to DO, find AOD, (a) if COB = 40°, (6) if CO-B = m°. 





Fio. 20. 

23. What relation exists between AOD and BOO in the preceding 
exercise ? 

24. What angle is formed by the bisectors of a pair of adjacent sup- 
plementary angles ? 

25. Three lines meet in a point, O, forming six angles, 1, 2, 3, 4, 6, 
and 6. Find angle 3, if angle 1 = 80"" and angle 6 = 00°. 

GENBRAL TERMS 

42. A theorem is a geometrical tnfth requiring demonstration. 

43. An axiom is a geometrical truth assumed as self-evident. 

44. A problem is a question to be solved. 

45. A proposition is a general term for a theorem or a 
problem. 

46. A corollary is a theorem easily derived from another 
theorem. 

47. A scholium is a remark. 

48. A postulate is a construction so simple that its possibility- 
is admitted without further demonstration. 

49. The hypothesis is that which is assumed in the statement 
of a theorem. 
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50. The conclusion is that which follows from the hypothesis. 

51. A proposition is the converae of another, when the 
hypothesis and the conclusion of the one are respectively the 
conclusion and the hypothesis of the other. 

Axioms 

1. Things that are equal to the same or equal things are 
equal to each other. 

2. If equals be added to equals, the sums are equal. 

3. If equals be subtracted jrom equals, the remainders are 
equal. 

4. If equals be added to unequals, the sums are unequal. 

5. If equals be subtracted from unequals, or unequals from 
equals, the remainders are unequal. 

6. Doubles of equals are equal. 

7. Halves of equals are equal. 

8. The whole equals the sum of its parts. 

9. The whole is greater than any of its parts. 

10. A straight line is the shortest distance between two 
points. 

(For Axiom 11, see page 17 on parallel lines.) 

Postulates 

1. A straight line can be drawn between any two points. 

2. A straight line can be produced indefinitely. 
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BOOK I 

LINES AND EECTILINEAR FIGURES* 

PSSLIMINAST THEOREMS 
52. All straight cmgles are eq'ooL 

A B c 



D 1^ F 

Hyp. Angles ABC and DEF are straight angles. 

To prove Z ABC = Z DEF. 

Proof. Apply Z DEF to Z ABC so that the vertex E coin- 
cides with the vertex B, and ED coincides with BA. Then 
EF will fall on BC (straight lines coinciding in part coincide 
throughout). 

Hence Z DEF = Z ABC q.e.d. 

53. -4ZZ ngrft^ angles are equal, ^ (Ax. 7.) 

54. At a given point in a given line there can he but one 
perpendicular to the line. (53) 

55. The complements of the same 
or of equal angles are eqv/ol. (Ax. 3.) 

56. TJie supplements of the same or B ^ 
of equal angles are equal. (Ax. 3.) ^ 

57. Iftwo adjacent angles Jiave their N. y^ 
exterior sides in a straight line, these \y^ 
angles are supplementary. (Ax. 8.) B^^ '^ 

58. The sum of all the angles I \ 
formed aJt a point in a plane is / \ 
equal to two straight angles. ^ ^ 

* A figure formed by straight lines only is called a rectilinear figure. 

9 
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Proposition I. Theorem 
59. Vertical angles are equal. 




Hyp. Angles 1 and 2 are vertical angles. 

To pr(yve Z1==Z2. 

Proof. Z 1 is a supplement of Z 3, 

Z 2 is a supplement of Z 3, 

(two adjacent angles whose exterior sides are in a straight line are 
supplementary), 

.-. Z1 = Z2, 

(^supplements of equal A are equal), q.e.d. 



Ex. 26. If, in the diagram for above proposition, ZAOC \a 80°, find 
the other angles. 

Ex. 27. If, in the same figure, ZAOB be bisected, and the bisector 
be produced through 0, prove that /. COD is also bisected. 

Ex. 28. If three lines, AB^ CD, and EF, meet in a point, O, prove 
ZAOE-ZFOD = ZAOC, 

Ex. 29. In the same diagram, prove : 
ZAOE -\-ZEOD - ZAOD = 2 ZAOC. 
Ex. 30. In the same diagram, prove : 

ZA0C+ZE0B + ZD0F=2Tt,A. 
Ex. 31. In the same diagram, prove : 

ZAOE -{-Z COB + ZEOD=^ ^ rt. A. 




TRIANOLES 
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60. Dek. a polygoa is a p(Hi;ion of a plane bounded by 
three or more straight lines, which are termed tides, and 
whose sum is the perimeter of the polygon. 

The angles included by the adjacent sides are the angles of 
the polygon, and their vertices are the vertices of the polygon. 
An exterior angle is formed by a side and the prolongation of 
an adjacent one. A diagonal is a straight line joining the 
vertices of two non-adjacent angles. 

61. A polygon of three sides is called a triangle; one of four 
sides, a quadrilateraL 

TRIANGLES 

62. A triangle having three unequal sides is a scalene tri- 
angle. An isosceles triangle has two of its sides equal. An 
equilateral triangle has its three sides equal. 






63. A triangle is called acute if all its angles are acute; 
right, if one of its angles is a right angle ; obtuse, if one of its 
angles is obtuse. A triangle is called equiangular if all its 
angles are equal. 




64. The base of a triangle is the side on which the figure 
is supposed to stand. The base of an isosceles triangle is that 
side which is equal to no other ; the two equal sides are called 
the arms. 

65. The vertical angle of a triangle is the angle opposite the 
base. 
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66. In a right triangle the side opposite the right angle is 
called the hypotenuse, and the other two sides, the arms. 

67. The three perpendiculars from the vertices of a triangle 
to the opposite sides (produced if necessary) are called the 
altitudes of the triangle \ the three bisectors of the angles are 






called the bisectors of the triangle; and the three lines from 
the vertices to the midpoints of the opposite sides are called 
the medians of the triangle. 



Proposition II. Theorem 



68. Two triangles are equal when a side and two 
adja^cent angles of the one are equal respectively to a 
side and two adjacent angles of the other. 





Hyp. In triangles J^BC and ^'5'(7', 

AB = A'B', ZA = ZA', and ZB = ZB\ 

To prove A ABO = A A'B'C\ 

Proof. Apply A ABC to AA'B'C so that AB shall coin- 
cide with A'B'. 
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BOynM take the direction of ^'C, 

C will fall upon B'(7 or its prolongation. 

AC will take the direction of A'C, 

(/:A = ZA'byhyp,), 

C will fall upon A'C or its prolongation. 

.•• the point C falling upon both the lines B^C and A^C, 
must fall upon the point common to both lines, namely, (7. 

.-. A ABO and ^'5' (7 coincide 

.-. AABC = AA'B'C. q.e.d. 

69. Note. — This method of proof (superposition) is employed in 
fundamental propositions only. The student should place those parts 
upon each other whose equality is known, and, by successi^ steps, trace 
the position of the rest of the figure. 

70. Note. — In order to facilitate the citing of propositions, the fol- 
lowing abbreviation is suggested for the above proposition : a. 8. a. = a, a. a. 
Similar abbreviations will be suggested for other propositions. 

71. Def. Polygons are mutually equiangular if their angles 
are respectively equal, and mutually equilateral if their sides 
are respectively equal. 

If two polygons are mutually equiangular, lines or angles 
similarly situated are called homologous lines or angles. Thus 
AB and AB (Prop. II) are homologous sides, C and O homolo- 
gous angles, the medians drawn from A and A* respectively 
homologous medians, etc. 



Ex. 32. If a perpendicular be erected at any point upon the bisector 
of an angle to meet the sides of the angle, two equal triangles are formed. 

Ex. 33. If through the midpoint of a straight line any line be drawn 
to meet the perpendiculars erected at the ends of the given line, two equal 
triangles are formed. 

Ex. 34. If a diagonal of a quadrilateral bisects those angles whose ver- 
tices it joins, the diagonal divides the figure into two equal triangles. 
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Proposition III. Theorem 

72. Two triangles are equal 'if two sides and the 
included angle of the one are equal respectively to two 
sides and the included angle of the other {s.a.s. = s. a. s.). 





Hyp. In A ABC and A'B'C, 

AB=:A'B', BC==B'C, and ZB = ZB\ 

To prove A ABC = A A'B'C. 

Proof. Apply A ABC to A A'B^C so that BC shall coincide 
with B^C. 

BA will take the direction of B^A\ 

The point A will fall upon the point A\ 
(AB = A'B' by hyp.). 

.\ AC will coincide with A'C. 

.-. A ABC and A'B'C coincide. 

.-. AABC==AA'B'a. Q.E.D. 



Ex. 36. If two lines bisect each other, and their extremities are joined, 
four triangles are formed, of which those opposite each other are equal. 

73. Remark. — The equality of lines and angles is usually 
proved by means of equal triangles. 



TRIANGLES 15 

Ex. 36. If any i>oint in the perpendicular bisector of a line is joined 
to the extremities of that line, the lines joining the point to the extremi- 
ties are equal. 

Ex. 37. The bisector of the vertical angle of an isosceles triangle 
bisects the base. 

Ex. 38. If, upon the sides of an angle, equal distances be laid off from 
the vertex, and the ends be joined to any point in the bisector of the 
angle, these lines are equal. 

Ex. 39. If in the triangle ABC, /LA — AB, and the points B and E 
be taken in AC and BC so as to make Z ABD = Z EAB, then BD = AC. 

Ex. 40. If two angles of a triangle are equal, the bisectors of these 
angles are equal. 

Ex. 41. If, from the ends of the base of an isosceles triangle, equal 
distances be laid off on the same arms, and from their ends lines be drawn 
to the opposite vertices, these lines are equal. 

74. Bemabk. — If the lines and angles whose equality is to be 
proved are not parts of triangles, try to construct smch triangles. 



Ex. 42. If in triangle ABC, AB = BC, then Z^ = Z C. 

Proposition IV. Theorem 

76. An exterior angle of a triangle is greater thmi 
either remote interior angle. 




Hyp. Z BCD is an ext. Z of A ABC, 

To prove /. BCD > /. A oi Z. B. 
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Proof. Let E be the midpoint of BC, Draw AE and pro- 
duce it its own length to F, Draw FC, 




In A ABE and FCE, 

AE = EF BJid BE = EG. (Con.) 

Z BE A = Z FECy 
(vertical A). 
.', AABE=zAFCE, 
(«. a,s, = 8, a, «.)• 
.-. ZECF=ZB, 

(horn, parts of equal A). 

But Z BCD > Z EOF, (Ax. 9.) 

Hence ZBCD>ZB. 

By joining the midpoint of -4C to B, it follows in the same 
anner that 

ZACG>ZA. 

But ZACG = ZBCD, 

(vertical A). 
Hence Z BCD >ZA, q.^ p 



Ex. 43. If four points, A^ B, C, and Z>, in a straight line be joined to 
a point, E, without, then 

(1) ZABE>ZACE, (2) ZABE>^CED, (3) ZABE>ZADE. 
(See diagram on next page.) 



PAnALLEL LINES 
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Ex. 44. If in quadrilateral 
ABCD the diagonals AC and BD 
meet in E^ find four angles smaller 
than angle BE A, 

Ex. 45. If from any point D 
in A ABC DA and DB are drawn, 
then AD>Z.C, 

Hint. —Draw DC 



76. Def. When two straight lines, AB and CD, are cut by 
a third straight line, EF^ called a transversal, then the angles 
a, hy g, and ^ are called exterior 
angles, the angles c, d, e, and / 
are called interior angles, the 
angles a and e, b and /, c and 
g, and d and ^ aie called corre- 
sponding angles, the angles c 
and /, and d and e are called 
alternate interior angles, and 
the angles b and g, a and h, are 
called alternate exterior angles. 




PARALLEL LINES 

77. Dep. Parallel lines are lines which lie in the same plane 
and do not meet if produced indefinitely. AB and CD are 
parallel. 

78. Axiom 11. Two intersect- 
ing lines cannot be both parallel q j) 

to a third straight line. 

79. Theorem. Two straight lines which are parallel to a third 
straight line are parallel to each other. 

For if the two lines should meet, toe would have two intersecting 
straight lines parallel to a third straight line, which contradicts 
Axiom 11. 
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Proposition V. Theorem 

80. Two lines are parallel if a transversal to these 
lines makes the alternate interior angles equal. 

A B c 



Hyp. AC and DF are intersected by BE so that 

Z ABE = Z BEF. 
To prove ACWDF. 

Proof. AC and DF either meet or are parallel. 
Suppose they meet in G. 

Then BEG is a triangle whose exterior Z. ABE is equal to 
a remote interior Z BEG^ which is impossible. 

Hence AC and DF are parallel. q.e.d. 

81. Scholium. That the lines AC and DF cannot meet on 
the side of A and D can be proved by the same method. 

82. Eemark. — In order to demonstrate that two lines are 
parallel, prove the equality of a pair of alternate interior angles. 



Ex. 46. In the annexed dia- 
gram, if 

Z/JffC=120% 

and /.FIH=\2Xf, 

is CD parallel to EF^ 

Ex. 47. In the same diagram, 

if ZZ>Jff/ = 60°, 

and Z 7^/^=120°, 

CD is parallel to EF, 

Ex. 48. In the same diagram, if Z AHC-Z. EIH, CD is parallel to EF, 
Ex. 49. Lines are parallel if a transversal makes the alternate exterior 

angles equal. 
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Ex. 60. If two sides of a triangle are produced their own lengths 
through the common vertex, a line joining their ends is parallel to the 
third side of the triangle. 

Ex. 61. If in the diagram for Prop. V Z ABE = Z BEF, prove that 
the bisectors of Z CBE and 
DEB are parallel. 

Ex. 62. If in the annexed 
diagram 

AB = CD, 

and ZBACzzZACD, 

then AD is parallel to BC. 

Proposition VI. Theorem 

83. Two lines are parallel if a transversal to these 
lines makes the corresponding angles equal. 





^B 
Hyp. CD and EF are intersected by AB in H and / respec- 
tively, and Z AMD = Z HIK 
To prove CDWEF, 
Hint. — Prove the equality of a pair of alternate interior angles. 

84. Cor. If a transversal is perpendicular to two lines, 
these lines are parallel. 



Ex. 63. If in the diagram for Prop. VI Z AHC=eO'', and Z HIE=eO°y 
is CD parallel to EF? 

Ex. 64. In the same diagram, if ZAHD is the supplement of Z EIH, 
CD 18 parallel to EF 
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Proposition VII. Theorem 

85. Two lines are parallel if a transversal to these 
lines makes the interior angles on the same side of the 
transversal supplementary. 




Hyp. CD and EF are intersected by ^ transversal AB in 
H and /, respectively, and Z DHI -h Z HIF = 2 rt. A, 

To prove CDWEF. 

Proof. Z DHI is sup. to Z HIF, (Hyp.) 

Z EIH is sup. to Z HIF, 

{if two adjacent angles have their ext» sides in a st. line, they are sup.). 

.'. ZDHI=ZEIH, 

(supplements of same Z. are equal). 

Hence CDWEF, q.e.d. 

(alt. int. A being equal). 

86. Remark. — Lines are demonstrated to be parallel by 
proving that 

(a) Two alternate interior angles are equal, 

(b) Two corresponding angles are equal, or 

(c) Two interior angles on the same side of a transversal are 

supplementary. 



Ex. 55. Two lines are parallel if a transversal to these lines makes the 
exterior angles on the same side of the transversal supplementary. 
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Ex. 56. If in the diagram for Prop. VII Z AHD = Z HIF, and per- 
pendiculars be erected upon CD and EF at H and /, respectively, the 
perpendiculars are parallel. 

Ex. 57. In the same diagram, if Z AHD is the supplement of Z EIHj 
CD is parallel to EF, 

Proposition VIII. Theorem 

87. If two parallels are cut by a transversal, the al- 
ternate interior angles are equal. 
[Converse of Prop. V.] 

A B C 



D E F 

Hyp. The parallel lines AC and DF are intersected by a 
transversal in B and E. 

To prove Z ABE = Z BEF. 

Proof. A ABE and BEF are either eqnal or unequal. 
Suppose they are unequal, and let EF^ be drawn so that 
Z BEF' = Z ABE, 

Then EF' II AB, 

(two lines are II if a transversal makes the alt. int, A equal). 

But EFWAB, (Hyp.) 

Therefore two intersecting lines EF and EF' would be 
parallel to AC, which is impossible. (Ax. 11.) 

Hence Z ABE = Z BEF, q.e.d. 

88. Cor. If a transversal is perpendicular to one of two 
parallel lines, it is perpendicular to the other also. 



Ex. 58. If two parallels are cut by a transversal, the alternate exte- 
rior angles are equal. 

Ex. 59. In the diagram for Prop. VIT, if Z AHD = 40°, how many 
degrees are in A HIF, HIE, and EIB ? 
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Ex. 00. If in the diagram for Prop. Yin the transversal be produced 
through B and E^ the figure will contain three angles equal to Z ABE, 
Find these angles. 

Ex. 61. If the opposite sides of a quadrilateral are parallel, they must 
be equal. 

Proposition IX. Theorem 

89. If two parallel lines are cut by a transversalj 
the corresponding angles are equal. 
[Converse of Prop. VI.] 




Hyp. Two parallel lines CD and EF are intersected by 
AB in H and /, respectively. 

To prove Z AHD = Z HIF. 

Proof. ZAHD^ZCHI, 

(vertical A), 
ZCHI^ZHIF, 
(alt. int. A of W lines), 
ZAHD =Z HIF. (Ax. 1.) q.e.d. 



Ex. 62. In the diagram for Prop. IX, if AAHD — W^ how many 
degrees are in i4 EIB, CHI, AIF, and EIA ? 

Ex. 63. In the same diagram, prove 
that ZCHI-\-ZEIH=2Tt.A. 

Ex. 64. If two parallel lines AB and 
CD are intersected by parallel transver- 
sals HC and EF, prove (a) Z1=Z2, 
(6) Z 3 = Z 4. (See annexed diagram. ) 

Ex. 65. In the same diagram, prove 
that Zl+Z4 = 2rt. i4. 
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Ex. 66. If three points A^ B, and C be joined, and BC 1)e piodaced 
toZ>, 

/.ACD = /.A+Z.B, 




Hint.— Draw EC\\BA (annexed 
diagram). B c 2) 

Ex. 67. In the same diagram, if C^ bisects AACB^ then AA — AB, 

Ex. 68. The bisectors of supplementary adjacent angles are perpen- 
dicular to each other. 

Proposition X. Theorem 

90. If two parallel lines are cut by a transversal^ 
the interior angles on the same side of the transver- 
sal are supplementary. 

[Converse of Prop. VII.] 






E jy^ JT 

b' 



Hyp. Two parallel lines CD and EF are intersected by 
AB in H and /, respectively. 

To prove ZDHI-^ Z HIF= 2 rt. A 

Proof. ZDHI^ZHIE, 

(alt. int, A of \\ lines). 
But ZHIE + ZHIF=2TtA, 

(two adj. A whose ext. sides are in a st. line are supplementary). 

.'. Z DHI + Z HIF= 2 rt. A. ctEo. 



Ex. 69. In the diagram for Prop. VII, if CD is parallel to EF, 
prove that ^ ^jjj^ _^ ^ jjj^ = 2 rt. zl. 

Ex. 70. If two parallel lines are cut by a transversal, the exterior 
angles on the same side of the transversal are supplementary. 
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Ex. 71. The bisectors of a pair of corresponding angles, formed by 
parallel lines, are parallel. 

Ex. 72. If upon each of two 
parallel lines a perpendicular be 
erected at any point, these per- 
pendiculars either coincide or are 
parallel. 

Ex. 73. In the annexed dia- 
gram, if AB is parallel to ED^ 
and /.A =AD^ prove that-4C is 
parallel to DF, 

Ex. 74. If in the annexed diagram A A^ B, and C are light angles, 
Z Z> is also a right angle. 

Ex. 75. If in the annexed diagram 
AB is parallel to CD, prove that 
Z1=Z2 + Z3. 

Ex. 76. State and prove the converse 
of the preceding exercise. 

Ex. 77. The bisectors of two interior angles on the same side of a 
transversal to two parallel lines are perpendicular to each other. 

Ex. 78. State and prove the converse of Ex. 71. 

Proposition XI. Theobem 

91. Angles ivhose corresponding sides are parallel 
are either eqiuil or supplementary. 

A 




D B' c 

Hyp. AB II AB' and BC || B'C 

To prove ZB = ZA'B'C' 

ZB-{-ZA'B'D = 2Tt,A. 
[The proof is left to the student.] 
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92. Scholium. The angles are equal if both the correspond- 
ing pairs of sides lie in the same or in opposite directions from 
the vertex. 

Ex. 79. If two sides of a quadrilateral are eqoal and parallel, the 
other two sides must be parallel. 

Ex. 80. If two sides of a triangle are respectively parallel to two 
homologous sides of an equal triangle, the third side of the first must be 
parallel to the third side of the second. 

Proposition XII. Theorem 

93. TTie sum of the angles of a triangle is equal to a 
straight angle. 



B c 

Hyp. ABC is a triangle. 

To prove ZA-^-ZB + z^ C=ast.Z. 

Proof. Draw line DE || BC through A, 

ZB=zZt)AB\ , ,, . , ^ ^„,. . 

.'.ZA^ZB^-ZC^ZA^-ZDAB-^-ZCAE. (Ax.2.) 
But ZA^-ZDAB^ZCAE=^ZDAE=^^^.Z. 

.\ZA'{'ZB + ZG=Sist.Z. (Ax. 1.) q.e.o. 

94. Cor. 1. In a triangle there can be only one obtuse or 
one right angle. 

95. Cor. 2. The acute angles of a right triangle are com- 
plementary. 

96. Cor. 3. If two triangles have two angles of the one 
respectively equal to two angles of the other, the third 
angles are equal. 
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97. Cor. 4. Two triaaigles are equal, if a side, the opposite 
angle, and any other angle of the one are equal respectively to 
a side, the opposite angle, and any other angle of the other tri- 
angle («. a. a. = 8, a. a.). 

98. Cor. 5. From a point without a line there can be only 
one perpendicular to that line. 

99. Cor. 6. Each angle of an equilateral triangle is equal 
to sixty degrees. 

Ex. 81. If an angle of a triangle is (1) 40°, (2) m°, what is the sum of 
the other two angles ? 

Ex. 82. If one angle of a triangle is equal to the som of the other two, 
(1) how many degrees has that angle ? (2) what is such a triangle called ? 

Ex. 83. If two angles of a triangle are 60*^ and 40°, respectively, what 
is the angle formed by the bisectors of these angles ? 

Ex. 84. Find each angle of a triangle if the second equals twice the 
first, and the third equals three times the first. 

Ex. 86. If two angles of a tiiangle are (1) 40° and 60°, (2) m° and n°, 
find the other interior and the exterior angles of the triangle. 

Ex. 86. If an exterior angle of a triangle is three-fourths of a right 
angle, a remote interior angle one-half of a right angle, find the other 
interior angles. 

Ex. 87. If two lines are intersected by a transversal, and the bisector 
of the interior angles on the same side of the transversal are perpendicular 
to each other, these lines are parallel. 

Ex. 88. The altitude upon the hypotenuse of a right triangle divides 
the right angle into two parts, which are respectively equal to the two 
acute angles of the right triangle. 

Ex. 89. Find the sum of the four angles of a quadrilateral. 

Ex. 90. If two angles of a triangle are equal, the bisector of the third 
angle divides the figure into two equal triangles. 

Ex. 91. Two right triangles are equal if the hypotenuse and an acute 
angle of the one are equal respectively to the hypotenuse and an acute angle 
of the other. 

Ex. 92. The altitudes upon the arms of an isosceles triangle are equal. 
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Proposition XIII. Theorem 

100. An exterior angle of a triangle is equal to the 
sura of the two remote interior angles. 




B o D 

Hyp. Z ACD is an exterior angle of A ABC. 
To prove ZACD=ZA^ZB. 

Hint.— Draw CE \\ BA, 



Ex. 93. If two angles of a triangle are equal, the bisector of the remote 
exterior angle is parallel to the opposite side of the triangle. 

Ex. 94. If in the diagram for Prop. XIII DA is drawn, then 

ZADB<ZACB. 

Ex. 96. Prove Prop. XIII by means of (56). 

Ex. 96. The sum of the three exterior angles of a triangle is equal to 
four right angles. 

Ex. 97. If the sum of two exterior angles of a triangle is equal to three 
right angles, the triangle is a right one. 

Ex. 98. If from a point without an acute angle, perpendiculars are 
drawn upon the sides of the angle, these perpendiculars include an angle 
equal to the original angle. 

♦ Ex. 99. The bisectors of two exterior angles of a triangle include an 
angle equal to half the third exterior angle. 

* Exercises denoted by (*) are difficult and may be omitted at a first reading. 
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Proposition XIV. Theorem 

101. The base angles of an isosceles triangle are 
equal. 




Hyp. In A ABC, 
To prove 



AB = Aa 

ZB==za 



Hint. — Let AD be the bisector of ZBAC, and prove the equality of 
the two triangles. 

102. Cob. An equilateral triangle is equiangular. 



Ex. 100. If the base of an isosceles triangle is trisected, the lines join- 
ing the points of division with the vertex are equal. 

Ex. 101. The vertical angle of an isosceles triangle is : (1) 40° ; (2) m°. 
Find the base angles. 

Ex. 102^ How many degrees are in each angle of an isosceles right 
triangle ? 

Ex. 103. A base angle of an isosceles triangle is : (1) two-fifths of a 
right angle ; (2) m right angle. Find the other angles. 

Ex. 104. Each base angle of an isosceles triangle is one-half the re- 
mote exterior angle. 

Ex. 105. The perpendiculars from the midpoint of the base upon the 
arms of an isosceles triangle are equal. 

Ex. 106. The vertical angle of an isosceles triangle is : (1) 40° ; (2) w°. 
Find the angle formed by the base, and an altitude upon an arm. 
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Ex. 107. If an arm of an isosceles triangle is produced by its own 
length through the vertex, and the end of the prolongation i» joined to 
the nearest end of the base, the line joining is perpendicular to the. base. 

Ex. 108. The bisectors of the base angles of an isosceles triangle are 
equal. 

Proposition XV. Theorem 

103. If two angles of a triangle are eqwdy the sides 
opposite these angle f are equal. 
[Converse of XIV.] 




Hyp. In A ABC, 
To prove 

Hint. — Let AD be the bisector of angle fiAD, and prove t^e equality 
of the tiiangles. 

104. CoR. An equiangular triangle is also equilateral. 

105. Remark. — The above two propositions may also be used 
to iMX)ye the equality of lines and angles. 



Ex. 109. The bisectors of the base angles of an isosceles triangle form, 
if they meet, an isosceles triangle. 

Ex. 110. If at the ends of the base of an isosceles triangle perpendicu- 
lars are erected upon the arms, another isosceles triangle is formed. 

Ex. 111. A line parallel to the base of an isosceles triangle, and inter^ 
secting the two arms, cuts off another isosceles triangle. 
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Ex. 112. If two exterior angles, formed by producing one side of a 
triangle at both ends, are eqoal, the other sides are equal. 

Ex. 113. If one angle of an isosceles triangle is 60'', the triangle is 
equilateral. 

Ex. 114. If the bisector of an exterior angle of a triangle is parallel to 
one side, the triangle is isosceles. 

Ex.115. If in quadrilateral ^£C2> 
BA = BC, and DA = DC, then 

Ex. 116. If two triangles ^DC and 
BEF have their three sides equal, 
respectively, then the homologous 
angles, e,g. A A and E, are equal 

Hint. — Place the i^ together, so 
as to form a quadrilateral. 




106. 



Proposition XVI. Theorem 
Two triangles are equal if three sides of the 



one are respectively equal to three sides of the other. 
(». ».« = «. s, s.) 

A 




Hyp. In A ABC and A'B'C, 

AB = AB\ EC = jB'C, AC = A'C. 
To prove A ABC = A A'EC. 

Proof. Apply A ABC to A A^BO so that its greatest side 
BC coincides with B^Q^ 8).nd A and -4' lie on opposite sides of 
BC\ 
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Join AA'. 



AB' = A'B', and AC = A'C. (Hyp.) 

.-. Z1 = Z2, and Z3 = Z4, 
(6(we zi o/ an isoa. A). 
.-. Z 1 4- Z3 = Z2 + Z4, (Ax. 2.) 

Le. ZBAC^Z&A'C. 

.-. AA'B'C = AAB'C, 
(s. a. 9. = 8. a. «.). 



Ex. 117. If the opposite sides of a quadrilateral are equal, the opposite 
angles are equal. 

Ex. 118. The median to the base of an isosceles triangle is perpendicular 
to the base. 

Ex. 119. If a quadrilateral has two pairs of equal adjacent sides, the 
angles included by the unequal sides are equal. 

Ex. 120. The medians to the arms of an 
isosceles triangle are equal. 

Ex. 121. If the opposite sides of a quadri- 
lateral are equal, the sides are parallel. 

Ex. 122. If in the sides of an equilateral 
AABCy the points D, E^ and F be taken so 
that AD-BE^ CF, 

then ADFE is equilateral. 

Ex. 123. If the sides of an equilateral A ^S Care produced so that 
AD = BE= CF, 
then A DFE is equilateral. 

107. Eem ARK. — If it is impossible to 
prove the equality of the required pair of 
triangles, prove first the equality of some 
other pair, whose homologous parts will 
aid in proving the equality of the origi- 
nal pair 
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Ex. 124. If the opposite sides of a quadrilateral are equal, and a line 
be drawn through the midpoint of the diagonal and terminating in two 
sides, this line is bisected. 

Ex. 125. Two triangles are equal if two sides and the median to one of 
these sides are equal respectively to two sides and the homologous median 
of the other. ^ 

Ex. 126. Two isosceles triangles are equal if one angle 
and the altitude upon one arm of one triangle are equal 
respectively to one angle and the altitude upon one arm 
of the other. 

* Ex. 127. If the opposite sides of a quadrilateral are 
equal, the diagonals bisect each other. 

Ex. 128. Two trisjigles are equal if the base, an adja- 
cent angle, and the altitude upon the base of one triangle 
are equal respectively to the base, an adjacent angle, and 
the altitude of the other. 

Ex. 129. In the annexed diagram if AB — AC, and AD bisects Z BAC, 
then ZDBE = ZDCE, 




108. 



Proposition XVII. Theorem 
Two right triangles are equal if the hypotenuse 



and an arm of the one are respectively equal to the 
hypotenuse and an arm of the other, (hy. arm=hy. arm.) 





Hyp. In the right A ABC and A'B'C, 

AB^A'B'i AC=A'Cr. 



To prove 



AABC=AA'B'C'. 
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Proof. Apply AA'B'O to A ABC, so that A'C coincides 
with ACy and B' falls remote from B. 

BOB' is a straight line, 
iZ BOB = 2 ft. A). 

AB = AB\ (Hyp.) 

(6a«e A of an isos. A). 
.-. AABC = AAB'C, 

(a. a. a. = s. a. a.). 
.'. AABC=AA'B'C „.o. 

109. Def. a circtunference is a curved line, all of whose 
points are equidistant from a point within called the center, as 
ABC, the center being Z>. 

A circle is the portion of a plane bounded 
by a circumference, and is usually read 
"the circle 2>" or "the QABC' 

A radius is any straight line drawn from 
the center to the circumference. 

An arc is any portion of a circumfer- 
ence. 




Ex. 130. If two altitudes of a triangle are equal, the corresponding 
sides are equal, and the triangle is isosceles. 

Ex. 131. Two triangles are equal if two sides and the altitude upon 
one of them of one triangle are respectively equal to two sides and the 
homologous altitude of the other. 

Ex. 132. If the perpendiculars from the midpoint of one side of a tri- 
angle upon the two other sides are equal, the triangle is isosceles. 

Ex. 133. Two triangles are equal if 
the base, the median, and altitude to the 
base of one triangle are equal respec- 
tively to the base, the median, and alti- 
tude to the base of the other. 

Ex. 134. If two circles intersect in A 
and B, a line joining their centers bisects 
AB in E. 

D 
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Ex. 135. If on the sides of an equilateral triangle, ABC, the points, D, 
E, F, are taken, so that AD = BE — CF, and E, D, and F are joined to 
the opposite vertices, then A A'B' C is equilateral. 

Ex. 136. If the opposite sides of a hexagon are 
equal, and one pair of opposite sides are parallel, 
then the opposite angles are equal. 

Ex. 137. Two triangles are equal if one side 
and the altitudes upon the other sides of one tri- 
angle are equal respectively to one side and the alti- 
tudes upon the other sides of the other triangles. 

Proposition XVIII. Theorem 

110. The line that joins the vertices of two isosceles 
triangles on the same hose bisects the common base at 
right angles. 






Hyp. A ABC and BCE are isosceles, and have the common 
base BC. 

To prove AE is the perpendicular-bisector of BC. 
Proof. AB = AC, BE = EC (Hyp.), and AE is common 
.-. ABAE = ACAE, 

(«. 8. 8, = 8, 8, a.). 

.-. ZBAE = ZEAC, 
(horn, parts of equal A). 



CONSTRUCTIONS 
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(Hyp.) 



AD is common. 
AB:=AC, 
.-. A BAD = A DAG, 
(s. a. 8. = 8, a. «.)- 
.-. BD=CD, s.ndZBDA=:/:CDA, 
{horn. part8 of equal ^). 
.". Z 5Z>^ = rt. Z (being one-half of a st. Z). 
.-. AE is the perpendicular-bisector of BC. 

111. Cob. 1. Two points equidistant from the ends of a line 
determine the perpendicular-bisector to that line. 

112. Cor. 2. Every point equidistant from the ends of a line 
lies in the perpendicular-bisector to that line. 



Q.e.o. 



Ex. 138. If the four sides of a quadrilateral are eqaal, the diagonals 
bisect each other. 

CONSTRUCTIONS 
Proposition XIX. Problem 
118. To bisect a given straight line. 



^h 



-1^ 



Given a straight line AB. 
Required to bisect AB, 

Construction. From A and B as centers, with equal radii 
greater than J AB, describe arcs intersecting at C and E. 
Join CE. 
Then the line CE bisects AB at Z>. q.e.f 
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Proof. Two points equidistant from the ends of a line deter- 
mine the perpendicular-bisector to that line. 

Scholium. CE is the perpendicular-bisector of AB, (111) 



Ex. 139. Divide a given line into four equal parte. 
Ex. 140. Construct the three medians of a triangle. 

Proposition XX. Problem 
114. To bisect a given angle. 




^^ 



Given. Z CAB. 

Required. To bisect Z GAB. 

Construction. From ^ as a center, with any radius, as AB, 
describe an .arc cutting the sides of the Z -4 at B and C. 

From B and C as centers, with equal radii greater than 
one-half the distance from B to C, describe two arcs intersect- 
ing at D. 

Join AD. 

AD bisects Z CAB. q.e.f 

Hint. — What is the usual means of proving the equality of angles ? 



Ex. 141. Divide an angle into four equal parte. 

Ex. 142. To bisect a straight angle. 

Ex. 143. Construct an angle of 90°; of 136°. 

Ex. 144. Draw the three bisectors of a triangle. 
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Proposition XXI. Pboblem 

116. At a given point in a given straight linSy to 
erect a perpendicular to that line. 



>?• 



^ 



\ 



Given. Point in line AB. 

Required. A perpendicular to the line AB at 0. 

Construction. From as a center, with any radius OC, 
describe an arc intersecting AB in C and D. 

From C and D as centers, with equal radii greater than 00, 
describe two arcs intersecting at E, 

Join OE. 

OE is the perpendicular to the line AB at 0. q.e.f. 

[The proof is left to the student.] 



Ex. 145. Construct the complement of a given angle. What kind of 
an angle must the given angle be ? 

Ex. 146. By what angle is the supplement of an angle greater than its 
complement ? 

Ex. 147. Construct the supplement of a given angle. 

Ex. 148. To bisect a given reflex angle. 

Ex. 149. Construct an angle of 67° 30'. 

Ex. 150. Construct an angle of 60°. 

Ex. 151. Construct an angle of 30°. 

Ex. 162. Construct an angle of 120°; of 75°. 

Ex. 153. Construct the three perpendicular bisectors of the three sides 
of any given triangle. 
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Pboposition XXII. Problem 

116. From a point without a straight linCy to let 
fall a perpendicular upon that line. 



V 



z::^ 



z. 



D^--.^_ 






Given. A straight line BC, and a point A without the line. 
Required. A perpendicular from the point A to the line BC. 

Construction. From ^ as a center, with a radius sufficiently 
great, describe an arc cutting BC in C and Z>'. 

From D' and C as centers, with equal radii greater than 
^ lyCff describe two arcs intersecting at 0. 

Draw AO intersecting BC in D. 

AD is a perpendicular from the point A to the line BC. q.e.f. 

[The proof is left to the student.] (HI) 



Ex. 154. Construct the three altitudes of an acute triangle ; of an 
obtuse triangle. 

Ex. 155. From a given point without a line, to draw a line forming with 
the given line an angle equal to half a right angle. 

Ex. 156. From a given point without a line, to draw a line forming 
with the given line an angle of 60°. How many such lines can be 
drawn? 

Ex. 157. From a given point without a line, to draw a line forming 
with the given line an angle of 30°. 
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Proposition XXIII. Problem 

117. At a point C, in a given straight line AB, to 
construct an angle equal to a given angle 0. 




Ey 




i 



Given. Point C in line AB and Z 0. 
Required. An Z at C = Z O. 

Construction. From as a center, with any radius, describe 
an arc cutting the sides of Z in Z> and E, 

From C as a center, with the same radius, describe arc FO, 
intersecting CB in F. From F as a center, with a radius equal 
to DE, draw an arc intersecting FG in H, 

Join CH. 

ZZTCi^isanZat C = ZO, 

Hint. — What is the usual means of proving the equality of angles ? 

Q.E.F. 

Note. — Two letters, e.g. DE, used as above, denote a straight line. 



Ex. 158. Given a polygon of five sides 
(pentagon) ABODE. Required a penta- 
gon having four of its sides equal respec- 
tively to AB, BC, CD, and DE, and the 
included angles equal to AB, C, and D. 
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Proposition XXIV. Problem 

118. Through a given point to draw a parallel to 
a given line. 




"S' 



Given. Line AB and point 0, 

Required. A line through II AB, 

Construction. Through draw DOC, forming Z D with AB, 
At construct Z COB = ODB. (117) 

AB is a line through II AB, q.e.f 

Hint. — What is the usual means of provmg that two lines are parallel ? 
(86) 

Ex. 159. From a given point without a line to draw a line, making a 
given angle with the given line. 

Ex. 160. Through a given point to draw a parallel to a given line by 
means of (o) Prop. V, (6) Ex. 50. 

Proposition XXV. Theorem 

119. Every point in the perpendicular-bisector of a 
line is equidistant from the extremities of that line. 



A 



\. 
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Hyp. PD is the perpendicular-bisector of AB. 

C is a point in PD, 

To prove C is equidistant from A and B, 

Hint. — What is the usual means of proving the equality of lines ? . 



Ex. 161. In a given line AB find a point equidistant from two given 
points P and Q, 

Ex. 162. In a given circumference find a point equidistant from two 
given points. 

Ex. 163. Find a point equidistant from three given points. 

120. Def. The distance of a point from a line is the length 
of the perpendicular from the point to the line. 

Proposition XXVI. Theorem 

121. All points in the bisector of an angle are equi- 
distant from the sides of the angle. 




c 
Hyp. Z DAB = Z DAC and is any point in AD. 

To prove is equidistant from AB and AC. 

Draw OP ± AB and OP ± AC, and prove the equality of 
the two triangles. 

122. Cor. A point equidistant from the sides of an angle 
is in the bisector of that angle. 



Ex. 164. In a given circumference find a point equidistant from two 
given lines. 

Ex. 165. Find a point equidistant from three given lines. 
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UNEQUAL LINES AND UNEQUAL ANGLES 

Proposition XXVII. Theorem 
123. The sum of tico sides of a triangle is greater, 
and their difference is less, than the third side. 




Hyp. 

To pi'ove 
Proof. 1° 
two points. 



B O 

ACS is a A. 

AB-\-AC> BC) and BA>CB-- AC, 

A straight line is the shortest distance between 

(Ax. 10.) 

.-. AB^AC> BC. Q.E.D. 

AB-\-AC> BC. (above) 

AB>BC- AC. (Ax. 5.) aE.D. 



Ex. 166. If in the side BC of A ABC 
any point D be taken, then 

AB + BC>AD-\-DC. 



Ex. 167. Prove that the perimeter of poly- 
gon ABCDEF > perimeter of A .4 CE, 

Ex. 168. If from any point D in A ABC 
DB and DC are drawn, then 

AB^ AODB + DC. 




UNEQUAL LINES AND UNEQUAL ANGLES 
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Proposition XXVIII. Theorem 

124. If two sides of a triangle are unequal^ the 
angles opposite are U7iequal, and the greater angle is 
opposite the greater side. 




Hyp. In A ABC AC> AB. 

To prove Z B > Z C. 

Proof. Draw AE, bisecting ZBAC. On AC lay off 
AD = AB and draw DE. 

AABE = AADE, 

(«. a, 8. = 8. a. «.)• 
.-. Z EDA = ZB, 
{horn, parts of equal A). 
But ZEDA>ZCy 

{exterior Zofa Ai8> either remote interior Z). 

.-. ZB> ZC aED. 



Ex. 169. If one arm AB of an isosceles 
triangle ABCSr produced to D, then 
^ACD>2LADa 
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Proposition XXIX. Theorem 

125. If two angles of a triangle are unequal^ the 
sides opposite are unequal, and the greater side is 
opposite the greater angle, 

[Converse of Prop. XXVIII.] 




Hyp. lTiAABC/.B>Za 

To prove AC > AB. 

Proof. AlB must be either >, =, or < AC. 
If AB > AC, then Z C> Z B. 

If AB==AC,ZC^ZB, 



(124) 
(101) 



But both of the above consequences would contradict the 
hypothesis. 

.-. AC>AB. aE.D. 

126. Cor. The perpendicular is the shortest line that can 
be drawn from a point to a given line. 

127. Note. — The method used in the above proof is known as the 
"indirect method" or "reductio ad absurdum." We examine every 
case, and prove the impossibility of all except one. (Compare Props. 
V and VIII.) 
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Proposition XXX. Theorem 

128. If two triangles have two sides of the one equal 
respectively to two sides of the other ^ hut the included 
angle of the first greater than the included angle of the 
second, then the third side of the first is greater than 
the third side of the second. 





^; 

Hyp. In A ABC and A^BO 

AB = A^B'; AC^AO] Z.A>ZA\ 
To prove BC>BC. 

Proof. Apply AA'B^C upon A ABC so that A'B* coincides 
with^^. 

Since ZA>ZA' (Hyp.), A'C will fall between AB and 
AC as AC\ 

Draw AD bisecting Z CAC to meet ^Cin D, and join DC 

AADC = AADC, 

(«. a. s. = 8. a. 8). 

.'.DC=DC, 

Qiom. parts of equal A). 

But BD + DOBC, 

(the sum of 2 sides o/a A > third side). 

.'. BD + DC>BC\ 
or BC>BC or B'C. Q.e.d. 
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Ex. 170. Which is the greatest side of a right triangle ? of an obtuse 
triangle ? 

Ex. 171. If two angles of a triangle are 50'' and GO'', 
respectively, which is the greater of the two opposite 
sides ? which is the greatest side of the triangle ? which 
is the smallest ? 

Ex. 172. If ZAqi b,ABC equals two-thirds of a 
right angle, and the exterior angle BBC equals five- 
fourths of a right angle, which is the greatest side of 
the triangle ? which is the smallest ? a 



Ex. 173. If AB = ^C in t^ABC, prove that 
DC>DB, 



Ex. 174. If O and (X are 2 equal chrcles, OA, OB, 0A\ and OB^ radii 
including, 

Z A^ O'B' >ZAOB, then A'B' > AB. 





Ex. 176. If in triangle ACB the 
median AD be drawn forming the 
acute angle ADB, which is the greater 
side, AB or AC? 




UNEQUAL LINES AND UNEQUAL ANGLES 
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Proposition XXXI. Theorem 

129. If two triangles have two sides of the one equal 
respectively to two sides of the other , hut the third side 
of the first greater than the third side of the second, 
then the included angle of the first is greater than the 
included angle of the second. 

[Converse of Prop. XXX.] 

A' 





B C 

Hyp. In A ABC and AB'C 

AB = A'B'', AC^AO\ BC>B'a. 
To prove ZA>ZA\ 

Proof. ZA must be either >, =, or <Zu4'. 

If ZA<ZA', BC< B'C, (128) 

li ZA==ZA', BC= B'C. (72) 

But both of the above consequences would contradict the 
hypothesis. r.ZA>ZA'. 



Ex.176. IfinAABC,having^B>JB<7, 
the median BE is drawn, then ZAEB is 
an obtuse angle. 
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130. Remark. — Inequality of lines ia generally proved by 
means of Props. XXVII, XXIX, XXX. If it is impossible 
to discover any relation of the angles, Prop. XXVII is used; 
if the two lines are parts of the same triangle, and the oppo- 
site angles can be proved unequal. Prop. XXIX is used; but 
if the sides or angles are parts of different triangles. Prop. XXX 
is used. In some cases several methods will lead to the desired 
result. 

The inequality of angles is proved in a similar manner by 
Props.. IV, XXVIII and Prop. XXXI. 



Ex. 177. If AD and 5(7 intersect 
in E, prove AD + BC> AB + CD. 
(Which of the three propositions 
must be used ?) 




Ex. 178. If -4C, a side of an 
equilateral triangle, is produced to 
Z>, and BD is joined, 

then AD > BD> AB. 



* Ex. 179. If in A ABC, having BC> BA, the median BD is drawn, 
then any point E in BD is nearer to A than to G. 

* Ex. 180. If in A ABCy having AB < BCj the bisector BD is drawn, 
meeting AC in D, then AD < AB. 

Ex. 181. A point P, not in the perpendicular-bisector of AB, is 
unequally distant from A and B. (Find 3 proofs corresponding with 
the methods of 130.) 



QZTADRILA TERAL8 
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Ex 182. In the annexed 
diagram, if AB = AC, prove 
\^12^.BD>DC. 

Ex. 183. In the diagram of 
Ex. 182, prove that BE > EC, 

Ex. 184. In the diagram of 
Ex. 182, prove that AF> AB, 

Ex. 185. In the diagram of 
Ex. 182, prove that AB > AH, 

* Ex. 186. If the opposite 
sides of a quadrilateral ABCD 
are equal, but AB > AD, prove 
that AAOB>^AOD, 

* Ex. 187. The sum of the 
lines drawn from any point 
in a triangle to its vertices is 
less than the perimeter, but 
greater than the semiperime- 
ter of the triangle. 

Ex. 188. The sum of the diagonals of any quadrilateral is less than the 
perimeter, but greater than the semiperimeter of the quadrilateral. 

QUADRILATERALS 
131. Def. a trapezoid is a quadrilateral that has one pair of 
sides parallel. A parallelogram has its opposite sides parallel. 

Upper Base 




Trai^zoid 



Parallelogram 




Rectangle 




A rhombus is an equilateral parallelogram, whose angles are 
oblique. A rectangle is a parallelogram, whose angles are 
right angles. A square is an equilateral rectangle. 
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132. Def. An isosceles trapezoid is one whose non-parallel 
sides are equal. The parallel sides of a trapezoid are called 
its bases^ and are distinguished as upper and lower. 

133. Def. A diagonal of a quadrilateral is a straight line 
joining opposite vertices. The altitude of a parallelogram or 
trapezoid is the perpendicular distance between the two bases. 

Proposition XXXII. Theorem 

134. The opposite sides and angles of a paraHelo- 
gram are equal. 




D c 

Hyp. ABCD is a parallelogram. 

ToprmeAD^BC', AB=CD; ZA = ZC; ZB = ZD. 

Hint. — What is the usual means of proving the equality of lines and 
angles ? 

136. Cor. 1. A diagonal divides a parallelogram into two 
equal triangles. 

136. Cor. 2. If one angle of a parallelogram is a right 
angle, the figure is a rectangle. 

137. CoR. 3. Parallels included between parallels are equal. 



Ex. 189. The perpendiculars to a diagonal of a parallelogram from the 
opposite vertices are equal. 

Ex. 190. The diagonals of a parallelogram bisect each other. 

* Ex. 191. A line bisecting one side of a triangle and parallel to 
another side, bisects the third side also. 
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Peoposition XXXIII. Theorem 

138. If the opposite sides of a quadrilateral are equals 
the figure is a parallelogram. 




D c 

Hyp. In quadrilateral ABDC 

AB=CD) AD^BG. 

To prove AD \\ BC; AB || CD. 

Hint. — Prove the equality of a pair of alternate interior angles by 
means of equal triangles. 

Ex. 192. If the diagonals of a quadrilateral bisect each other, the 
figure is a parallelogram. 

Proposition XXXIV. Theorem 

139. If two sides of a quadrilateral are equal and 
parallel, the figure is a parallelogram. 




D • 

Hyp. In quadrilateral ABCD 

AB\\CD; emdAB^CD, 
To prove ABCD is a parallelogram. 

[The proof is similar to that in Prop. XXXIII.] 
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Ex. 193. The bisectors of two opposite angles of a parallelogram are 
parallel. 

Ex. 194. If two opposite sides of a parallelogram are produced by the 
same length in opposite directions and their ends joined to the nearest 
vertices, another parallelogram is formed. 

140. Remark. — Lines may be shown to be parallel by proving 
them to be opposite sides of a parallelogram. 



Ex. 195. If two opposite sides of a parallelogram are divided into 
three equal parts, and the respective points of division are joined, the 
lines are parallel. 

Ex. 196. If two opposite sides of a parallelogram are produced by the 
same length in the same direction, a line joining the ends is parallel to 
the other sides of the parallelogram. 

Ex. 197. If from two opposite vertices of a parallelogram lines be 
drawn bisecting two opposite sides, respectively, the lines are parallel. 

Proposition XXXV. Theorem 
141. The diagonals of a parallelogram bisect each 
other. A B 




c 

Hyp. ABDC is a parallelogram. 

To prove AO=ODi B0=^ 00. 

[The proof is left to the student.] 



Ex. 198. The diagonals of a rhombus are perpendicular to each other. 

Ex. 199. If the diagonals of a parallelogram are perpendicular to each 
other, the figure is a rhombus, or a square. 

Ex. 200. If each half of the diagonal of a parallelogram is bisected, 
and the midpoints are joined in order, another parallelogram is formed. 
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Ex. 201. If a diagonal bisects an angle of a parallelogram, the figure 
is a rhombus. 

Ex. 202. The diagonals of a rectangle are equal. 

Ex. 203. State and prove the converse of the preceding exercise. 

Ex. 204. If the ends of two diameters of a circle be joined in succes- 
sion a rectangle is formed. 

Ex. 205. The base angles of an isosceles trapezoid are equal. 

Ex. 206. State and prove the converse of the preceding exercise. 

Proposition XXXVI. Theorem 

142. Two parallelograms are equal if two adjacent 
sides and the included angle of one are equal, respec- 
tively, to two adjacent sides and the included angle of 
the other. 

c 



A DA' D' 

Hyp. In ^ ABQD and ABOU, AB = A'B*, AD = A'D', 
ZA=^ZA\ 

To prove O ABCD = O A'B'CD'. 

Proof. Apply O ABCD to AB(JD\ so that AB coincides 
with AB\ rphen AD takes the direction AD\ 

(ZA = ZA'). 
And D coincides with Z)', 

{for AD = A'D'). 
BC takes the direction of B^O, (Ax. 11.) 

and C must lie in B^C or in B'O produced. 

For a similar reason, C must lie in D'C or in D'C produced. 
Hence D coincides with 2>', 

and O ABCD coincides with EJ A' BCD'. 

.•• OABCD=:CJA'B'C'D' o.^ 
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143. Eemarr. — In order to demonstrate that one line (or 
angle) is twice as large as another line (or angle), either double 
the smaller, and prove its double equal the greater, or bisect the 
greater, and prove its half equal the smaller. 



Ex. 207. If two angles of a triangle are SO'' and 60°f respectively, the 
side opposite the angle of 30° is one-half the side included by the two angles. 

Ex. 208. The median to one side of a triangle is less than one-half the 
sum of the other two sides. 

Ex. 209. The median to the hyx>otenuse of a right triangle is one-half 
the hypotenuse. 

Ex. 210. The angle formed by the base of an isosceles triangle and 
the altitude upon one arm is one-half the vertical angle. 

Proposition XXXVII. Theorem 

144. If three or more parallels intercept equal lengths 
on one transversal^ they intercept equal lengths on every 
transversal. 



E Vl 


\w F 


n */ 


/\x J 


K y 


K 
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U^^N 



Hyp. EFWHIWKLWMN, VS=^ST=TU. 

To prove WX =XT=TZ. 

Proof. Draw WO; XP, TRWAB. 

Then WVSO, XSTP, TTUR are parallelograms, 
(hyp. and con.'). 
.-. VS^WO, ST=XP, TU=^ TR, 
{opposite sides of parallelogram). 



QUADRILATERALS 65 

But as VS = ST= TU, (Hyp.) 

.-. WO = XP=YR. (Ax. 1.) 

ZOWX = ZPXY=ZRTZ, 

{corre^onding A of \\ lines). 

Z WXO = Z XYP=: Z TZR, 

{corresponding A ofW lines), 

.-. A wax = A XPr = A YRZ, 

(s. a. a. = s. a. a.). 

.-. WX=:XY= YZ, 

(horn, parts of equal A). Q.E.D. 

145. Cor. A parallel to one side of a triangle, bisecting 
another side, bisects the third side also. 

Proposition XXXVIII. Problem 

146. To divide a given line into any number of equal 
parts. 



-w^ 



\ 
\ 

\ 



c 
Given. Line AB, 

Required. To divide AB into a number of equal parts. 
Construction. Erom A draw any line AC. 
On AC lay off any convenient length as often as the number 
of required parts, and from last point Z>, draw DB. 

Through the points of division on AC, draw lines II BD, 
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These lines divide AB into the required number of equal 
parts. Q.E.F. 

[The proof is left to the student.] 



Ex. 211. A line bisecting one non-parallel side of a trapezoid, and 
parallel to the base, bisects the other non-parallel side. 

Proposition XXXIX. Theorem 

147. A line which joins the midpoints of two sides 
of a triangle is parallel to and equal to half of the third 
side. 




B o 

Hyp. In A ABC: 

AD = DByAE = Ea 
To prove 1\ DE II BC. 

2\ DE = ^BG. 

Proof. Draw FB II AC, meeting ED produced to F. 
AADE = ABDF, 
(a.s. a. = a. 8. a.). 
.-. DE = DF, and AE = BF, 
(horn, parts of equal A). 
But AE = EC 

.-. FB = EC, (Ax. 1.) 

.'. BCEF is a parallelogram, 
{two opposite sides are equal and II). 

.-. DE II BC, and DE(= \FE) = ^BC, 
(^opposite sides of a parallelogram are parallel and equal). aE.D. 
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Ex. 212. A line joining the midpoints of two adjacent sides of a 
quadrilateral is equal and parallel to the line joining the midpoints of 
the other two. 

Ex. 213. If the midpoints of the three sides of a triangle are joined, 
four equal triangles are formed. 

Ex. 214. A line joining the midpoints of the non-parallel sides of a 
trapezoid is parallel to the base, and equal to half the sum of the bases. 

148. Def. An equiangular polygon is one whose angles 
are all equal ; an equilateral polygon one whose sides are equal. 
All the polygons discussed are understood to be convex, i.e. 
such that no side produced will fall within the polygon. A 
polygon of five sides is known as a pentagon ; one of six sides, 
a hexagon ; seven sides, a heptagon ; eight sides, an octagon ; ten 
sides, a decagon ; twelve sides, a dodecagon. 

149. Polygons that are mutually equiangular and equilateral 
are equal, for they can be made to coincide. 

Proposition XL. Theorem 

160. Tlie sum of all angles of a polygon is equal to as 
many straight angles as the figure has sides , less two. 




A E 

Hyp. ABODE ••• is a polygon of n sides 

To prove ZA-{-Z.B-{- Z (7 + --- = 0* — 2) straight angles. 

Proof. From any vertex draw lines to the other vertices. 
Since, except the two that meet at B, each of the w sides of 
the polygon is the base of a A, whose vertex is B, 
.'. the polygon consists of (n — 2) triangles. 
.'. the sum of the A of the polygon = (n — 2) straight angles. 

(93) aE.D. 
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151. Cor. Each angle of an equiangular polygon of n sides 

y^ 2 

equals straight angles. 



Ex. 215. Show that the sum of the interior angles of a hexagon equals 
eight right angles. 

Ex. 216. How many degrees are in each angle of an equiangular 
quadrilateral ? pentagon ? hexagon ? decagon ? 

Ex. 217. How many sides has a polygon, the sum of whose angles 
equals sixteen right angles ? 360° ? 4 straight angles ? n right angles ? 

Proposition XLI. Theorem 

162. If the sides of any polygon be successively pro- 
diccedy forming exterior angles at the vertices, the sum 
of these angles is equal to two straight angles. 




E' 



Hyp. ABCDE ••• is a polygon of n sides. 

To prove 

Z. A'AB + Z B'BC + Z a CD -f • . . = two straight A 
Proof. (Z a + ^ 1) + (^ 2> + ^ 2) + ••• = n straight A 

(con.'). 
But Za-{-Z 6+Zc + ---=(^ — 2) straight^ 

{sum of interior A of a polygon = (» — 2) straight A). 
... Z 1 + Z 2 + Z 3 -f ... = (?i - n -f 2) straight A, (Ax. 3.) 
or ZJ.'^2? + Z^'5(7-f Z COD +•••= two straight A q.e.d. 
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153. Cob. Each exterior angle of an equiangular polygon 
2 
equals - straight angles. 
n 



Ex. 218. How many sides has a polygon, the sum of whose interior 
angles equals twice the sum of its exterior angles ? 

Ex. 219. How many sides has an equiangular polygon, three of whose 
exterior angles are together equal to 00° ? 

Ex. 220. How many sides has an equiangular polygon, four of whose 
angles are together equal to seven right angles ? 

Proposition XLIL Theorem 
154. TTie hisectors of the angles of a triangle meet in 
a common pointy which is equidistant from the sides of 
the triangle. 




B c 

Hyp. In A ABC: 

A ABD = Z DBC] Z ECB == Z ECA ; Z CAF=/.FAB. 

To prove 1°. Point is a common point of BD, CE, and 
AF; and 

2°. Point is equidistant from BC, AB, and AC, 

Proof. Let BD and AF meet in 0. 

O is equidistant from BC and AB. 1 Every point in the bisector of 

^ an angle is eqatdtstant Aroin 



] 



Also is equidistant from AB and AC) the sides of the angle. 
.-. is equidistant from AC and BC 
.-. is in the bisector CE, 
(point equidistant from the sides of an angle is in the bisector of the angle) 
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.'. is a common point of BD, CEy and AF\ and is equidis- 
tant from BCy ABy and AC. q.e.d. 



Ex. 221. If in the diagram for Prop. XLII (1) /LA = 60*'; Z B = 50°; 
(2) Z -4 = »n°; Z B = n°. Find all other angles of the figure. 

Proposition XLIII. Theorem 

166. The perpendiculars erected at the midpoints of 
the sides of a triangle meet in a com/mon point which is 
equidistant from the vertices of the triangle. 




B 

Hyp. InAABGy 

DGy EH, and FI are perpendicular-bisectors of ABy BC, and 
CA, respectively. 

To prove 1®. is common to DG, EH, and FI; and 

2^. is equidistant from Ay B, and (7. 

Proof. Let DG and EH intersect at 0. 

.*. is equidistant from A and B, (l^^) 

also is equidistant from B and C, (H^) 

.*. is equidistant from A and C. 

.*. O lies in the perpendicular-bisector FL (112) 

.*. is common to DG, EH, and FI-, and is equidistant from 
A, B, and C aE.D. 



ANALYSIS OF THEOREMS 61 

Ex. 222. Construct a circumference passing through the yertices of a 
given triangle. 

Ex. 223. In what kind of a triangle will the point of intersection of the 
perpendicular-bisectors be within the triangle ? without ? in one side ? 

ANALYSIS OF THEOREMS 

156. An analysis of a theorem is the course of reasoning by 
which a proof is discovered. We inquire what means we have 
to prove a conclusion, as illustrated in the following example. 

157. Theorem. The bisectors of the opposite angles of a 

parallelogram are parallel, 

A E B 

Hyp. The angles B and D 

of the parallelogram ABCD 

are bisected. 





C 



To prove ED || BF. 

Analysis. 1. The means for proving that two lines are 
parallel are: 

(a) A parallelogram. 

(p) Equal alternate interior angles. 

(c) Corresponding angles. 

(d) Supplementary interior angles, etc. 
Let us select any of these methods, e,g, 1 (a), i.e. 

to prove EBFD is a parallelogram. 

2. The means for proving a quadrilateral is a parallelogram 

are: 

(a) Opposite sides are equal. 

(p) Two opposite sides are equal and parallel, etc. 

Again we select any one, e,g. 2 (a), i.e, 

to prove ED = BF, EB = DF. 
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3. The means for proving the equality of lines is usually a 
pair of equal triangles, i.e. 

to prove A AED = A BCF. 

4. The equality of the two triangles is easily established. 

Hence, proof. AD = BC, 

(^opposite sides of a parallelogram), 

{opposite A of a parallelogram), 

ZADE=ZFBC, 

{halves of equal A). 

.\ AADE = AFBCy 

(a. s, a. = a. s. a.). 

.-. ED = BFy and AE = FC, 

{hom. parts of equal A). 

But AB = DC, 

,\DF=^EB. Ax. 3) 

.'. DEBF is a parallelogram, 
{opposite sides are equal). 

.\ED\\BF aE.D. 

The above demonstration is not the only one nor the shortest 
one. Each of the possibilities indicated under 1 (a), 1 (ft), 1 (c), 
1 (d), 2 (o), 2 (&), will furnish one or more proofs. 



Ex. 224. Prove the above proposition by means of 2 (6). 

Ex. 225. Prove the above proposition by means of 1 (6). 

Ex. 226. Prove the above proposition by means of 1 (c). 

Ex. 227. Prove the above proposition by means of 1 (d). 
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158. Theorem. If a median is intersected by another dne, 
the segment of the median between the point of intersection and 
vertex is twice its other segment. 



Hyp. DC and AE are medians of A ABC. 

To prove A0^2 (OE) ; and CO = 2 (OD). 

Analysis. 1. The means of proving that one line equals 
twice another is : 

(a) Bisect the greater | 

(b) Double the smaller ) 

Each method furnishes a proof. Select 1 (a). Bisect AO and 
CO in F and G, respectively, and prove FO = OE, G0 = DO. 

2. The means of proving the equality of lines is usually a 
pair of equal triangles, i.e. 

to prove (a) A DOE = A FOG, 

or (b) ADOF=AOGE. 

Either pair may be used, e.g. 2 (a). 

3. Dt&w DE amd FG. 

DE = i AC ajid ^AC] 
FG = i AC Q,nd \\ACl 

The equality of the triangles may now be easily established. 
Hence^ 
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Proof. DE is parallel and equal to ^AC. (147) 

FG is parallel and equal to \AC, (147) 

.'. DE is parallel and equal to FG. (Axs. 10 and 1) 
.-. ZEDO = ZOGF, 
(^alternate interior A of parallel lines), 
and ZDOE^ZFOG, 

(vertical A), 
.-. A DOE = A FOG, 
(«. a. a. = 8. a. a.). 
.-. FO=OE', GO^OD. 
.'. A0==2(0E)', 0C=2{0D), aE,D. 



Ex. 228. Demonstrate the proposition by proving the equality of A 2) OF 
ATidAEOG. (Draw 05.) 

Ex. 229. Prove the proposition by showing that DFGE is a parallelo- 
gram. 

Ex. 230. Prove the proposition by means of 1 (ft) of analysis (three 
methods). 
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Proposition XLIV. Theorem 

159. The three altitudes of a triangle {produced if 
necessary) meet in a common point. 




Hyp. In A ABC 

AD±BCy BE±AC, CH±AB. 

To prove is common to AD, BE, CH, 

Proof. Draw AB' II AB through C; B'O II BC through A; 
A'C II ^(7 through 5. 

AD±BC (Hyp.), .-. AD±B'Cr, 

But ABCB and ACBO are parallelograms. 

.-. AB = ^CVand AO = BC. 

.\ AB' = AO 

.'. AD is the perpendicular-bisector of OB'. 

[The rest of the proof is left to the student.] 



(88) 

(Con.) 

(134) 

(Ax. 1) 



Ex. 231. In what kind of a triangle is the point of intersection of the 
altitudes of a triangle within the triangle ? without ? in one side ? 

Ex. 232. In what kind of a triangle do altitudes and perpendicular- 
bisectors coincide ? 
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Proposition XLV. Theorem 

160. The medians of a triangle meet in a common 
point 




Hyp. AEy BF, CD, are the medians of A ABC. 
To prove AE, BF, CD, meet in a point. 
Proof. Both BF and AE intersect CD so that 
CO = 2 {DOy 
.*. AJEf BFy CD J meet in a common point. 



(158) 



aE.D. 



Ex. 833. If the two medians of a triangle are equal, the triangle is 
isosceles. 

Ex. 234. Given the vertical angle B of an isosceles 
triangle, required /.DAC^ formed by the base and 
the altitude upon one arm, in terms of B, 

JLC^rJL CAB = 2Tt.A-ZB, (Why ?) 
but Z C = Z CAB. (Why ?) 

.-. 2Za = 2rt.^-ZB. 

.-. ZC = rt.Z-J 

but Z DA (7 is the complement of C. (Why ?) 

/. Z2>^C = rt.Z-(rt.Z-^y 




ZDAC = 
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Therefore the angle formed by the base and the altitude upon an arm 
of an isosceles triangle equals one-half the vertical angle. 

161. Eemabk. — Geometrical propositions may be demon- 
strated by algebraical computation. 

Although a direct geometrical proof is always preferable^ the 
above method is very useful, especially for establishing rela- 
tions between angles. 

The propositions to be used are mainly the proposition of 
the sum of the angles of a polygon (and triangle), and the 
proposition of the exterior angles of a polygon (and triangle). 

If the algebraical solution should be too difficult for the 
beginner, numerical examples ought to be solved at first. 



Ex. 236. Pe^ndiculars drawn at the ver- 
tex of an isosceles triangle upon the arms 
enclose an angle equal to twice the base angle. 



Ex. 236. If in the base ^C of an isosceles 
A ABC, 2 points D and E be taken such that 

AB = AEsjidBC= CD, 

prove ZDBE=ZA. 



Ex. 237. Given A ABC, and point D 
in AC, so that AD = ^B. 

Prove ZDBC = i{ZABC-ZC). 

(Hint. — Express successively all the an- 
gles of the figure in terms of ABC and C.) 
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Ex. 238. If AD is the altitude 
and AE the bisector of the angle 
BAC of the triangle ABC, 

prove /.DAE=\ (ZjB - /. C). 

Ex. 239. The sum of three 
angles of a quadrilateral, dimin- 
ished by the fourth exterior an- 
gle, is equal to a straight angle. 

Ex. 240. The bisector of two 
exterior angles of a triangle in- 
clude an angle equal to one-half 
the third exterior angle. 

(Hint. — Express every angle 
in terms of Z.A and ZB,) 

Ex. 241. The bisectors of the 
angles of a quadrilateral form a 
quadrilateral the sum of whose 
opposite angles is equal to two 
right angles. 

* Ex. 242. Prove Exs. 237 and 238 
by a purely geometrical method. 




MISCELLANEOUS EXERCISES 

Ex. 243. If the bisectors of two adjacent angles are perpendicular to 
each other, the angles are supplementary. 

Ex. 244. The bisectors of vertical angles are in a straight line. 

Ex. 245. Perpendiculars drawn from a point within an angle, upon the 
sides, include an angle which is the supplement of the given angle. 

Ex. 246. If the vertical angles of two isosceles triangles are supple- 
mentary, the base angles are complementary. 

Ex. 247. If the base angles of two isosceles triangles are complemen- 
tary, the vertical angles are supplementary. 

Ex. 248. The exterior angle at the base of an isosceles triangle is equal 
to a right angle increased by one-half the vertical angle. 
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Ex. 249. If each side of an equilateral 
triangle be trisected, and the points of division 
nearest to each vertex be joined respectively, 
a hexagon is formed which is equiangular 
and equilateral. 

Ex. 250. Homologous medians of equal tri- 
angles are equal. 

Ex. 261. Homologous altitudes of equal tri- 
angles are equal. 

Ex. 252. Two isosceles triangles are equal if 
the vertical angle and the altitude upon an arm 
of the one are respectively equal to the vertical 
angle and the homologous altitude of the other. 

Ex. 253. If a median of a triangle is per- 
pendicular to the base, the triangle is isosceles. 

Ex. 254. If in the pentagon ABODE AB= 
EC, AE = CD, and Z^ = Z C, then BE = BD, 
and AE= Z.D. 

Ex. 255. If the opposite sides of a hexa^ 
gon are parallel, and one pair of opposite 
sides are equal, all opposite sides are 
equal. 



Ex. 256. If from the ends of the base, 
BCy of an isosceles triangle, ABC^ equal 
parts, BD and CEy be laid off on one arm 
and the prolongation of the other, the line 
joining D and E is bisected by the base. 

Ex. 257. If through any point, 
D, on the bisector of an angle, -4, 
a parallel be drawn to one of the 
sides, to meet the other side in B^ 
then AB = BD. 

Ex. 258. Angles whose corre- 
sponding sides are perpendicular A 
to each other, are either equal 
or supplementary. 
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Ex. 269. Two equilateral triangles are equal if the altitude of one 
equals the altitude of the other. 

Ex. 260. Any straight line that passes through the midpoint of one of 
the diagonals of a parallelogram, bisects the parallelogram. 

Ex. 261. The number of all diagonals of a polygon of n sides is El5Lz51 . 

2 

Ex. 262. If a perpendicular be dropped from the vertex to the base of 
a triangle, each segment of the base will be smaller than the adjacent side 
of the triangle. 

Ex. 263. How many sides has a polygon, the sum of whose interior 
angles is equal to three times the sum of the angles of a hexagon ? 

Ex. 264. How many sides has an equiangular polygon, whose exterior 
angle equals the interior angle of an equilateral triangle ? 

Ex. 265. Prove the proposition of the sum of the interipr angles of a 
polygon by joining any point within to the vertices of the polygon. 

Ex. 266. If the vertices of a triangle lie in the sides of another triangle, 
the perimeter of the first is less than the perimeter of the second. 

Ex. 267. The perpendiculars from two vertices of a triangle upon the 
median drawn from the third vertex are equal. 

Ex. 268. The altitude upon the hypotenuse of a right triangle divides 
the figure into two triangles which are mutually equiangular. 

Ex. 269. If the upper base of an isosceles trapezoid is equal to the 
arms, the diagonals bisect the angles at the lower base. 

Ex. 270. The bisectors of the four angles of a parallelogram enclose 
a rectangle. 

Ex. 271. The lines joining the midpoints of the sides of a rectangle, 
taken in order, enclose a rhombus. 

Ex. 272. The lines joining the midpoints of the sides of a rhombus, 
taken in order, enclose a rectangle. 

Ex. 273. The lines joining the midpoints of the sides of any quadri- 
lateral, taken in order, enclose a parallelogram. (Ex. 212.) 

Ex. 274. The lines joining the midpoints of opposite sides of any 
quadrilateral, bisect each other. (Ex. 273.) 

Ex. 275. If the vertical angle of an isosceles triangle is one-half of a base 
angle, a bisector of a base angle divides the figure into two isosceles triangles. 

* Ex. 276. If aline from one end of the base of an isosceles triangle to 
the opposite side divides the figure into two isosceles triangles, then the 
line is a bisector of the base triangle, and each base angle equals the double 
of the veitical angle. 
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*Ez. 277. The midpoints of two opposite sides of a quadrilateral and 
the midpoints of the diagonals determine the vertices of a parallelogram. 

* Ex. 278. The lines joining the midpoints of the opposite sides of a 
quadrilateral and the line joining the midpoints of the diagonals meet in a 
point. (Exs. 277, 274.) 

Ex. 279. The bisectors of the exterior 
angles of a quadrilateral form a quadrilateral, 
the sum of whose opposite audits is equal to 
one straight angle. 

Ex. 280. A line from the vertex of an 
isosceles triangle to any point in the base 
is smaller than the arms. 



* Ex. 281. If from the midpoint, 2>, of the 
base of an isosceles triangle, ABC, a line be 
drawn to meet one arm in E, the prolonga- 
tion of the other in F, then 
CE< CF, 



Ex. 282. If in the triangle ABC 
AB>AC, 
and 2> is a point in the prolongation of BA, 
then DB>DC. 



* Ex. 283. Lines joining the midpoints of 
two opposite sides of a parallelogram to the 
ends of a diagonal trisect the other diagonal. 



162. Eemark. — In order to prove that the sum of two lines, 
a and b, equals a third line, c, either 

(a) Construct the sum of a and h, and prove the line so ob- 
tained is equal to c, or 
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(b) Lay off a (or b) on c, and prove that the line representing the 
difference equals b (or a). 

Ex. 284. The sum of the 
perpendiculars dropped from 
any point in the base of an 
isosceles triangle to the legs, 
is equal to the altitude upon 
one of the arms. 

Ex. 286. The sum of the 
three perpendiculars dropped 
from any point of an equi- 
lateral triangle upon the sides is 
constant, and equal to the alti- 
tude of the triangle. (Ex. 284) . 

Ex. 286. If the altitude 
BD of A ABC is intersected 
by another altitude in O, and 
J^Hand HF are perpendicular- 
bisectors, prove BG = 2 {HE), 

Ex. 287. The line joining 
the point of intersection of the 
altitudes of a triangle and the 
point of intersection of the three 
perpendicular-bisectors, cuts 
off one-third of the correspond- 
ing median. (143 and Ex. 286.) 

Ex. 288. The points of 
intersection of the altitudes, 
medians, and perpendicular 
bisectors of a triangle lie in 
a straight line. 

Ex. 289. The diagonals of an isosceles trapezoid are equal. 

Ex. 290. If the opposite angles of a quadrilateral are equal, the figure 
is a parallelogram. 

* Ex. 291. If the diagonals of a trapezoid are equal, the trapezoid is 
isosceles. 

Ex. 292. The median drawn to any side of a triangle is less than half 
the sum of the other two sides. 




BOOK II 

THE CIRCLE. CONSTRUCTIONS 

DEFINITIONS 

163. A circumference is a curved line all points of which are 
equidistant from a point within called the center. A circle is 
a portion of a plane bounded by a circumference and is usually 





read Q) ABC or OD. A radius is any straight line drawn 
from the center to the circumference, as DA. A diameter is 
a straight line passing through the center, and terminating in 
the circumference, as AU, 

164. An arc is a part of the circumference. A semicircum- 
ference is haK of the circumference. A minor arc is an arc less 
than a semicircumf erence ; a major arc is an arc greater than 
a semicircumference. 

165. A secant is a straight line intersecting the circumfer- 
ence in two points, as FG. A tangent is a straight line, which 
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touches the circumference at one point only, and does not in- 
tersect it if produced; as M^, 





166. A chord is a straight line joining any two points in the 
circumference ; as AB. 

167. A central angle is an angle formed by two radii, as Z.A. 

168. Circles having the same center are called concentric. 

PRELIMINAHY THEOREMS 

169. All radii of the same circle are equal. (By definition.) 

170. A point is within, on, or without a circumference, 
according as the distance from the center is less than, equal 
to, or greater than a radius. 

171. All diameters of the same circle are equal. 

172. Two circles are equal if their radii are equal. (Prove 
by superposition.) 

173. A diameter bisects a circle and its circumference. 
(Prove by superposition.) 



Ex. 293. The radii of two concentric circles are 6 inches and 9 inches 
respectively. If a point is 7 inches from the common center, does it lie 
within the larger circle ? Within the smaller ? 

Ex. 294. The distance between the centers of two circles is 4, the 
radii are 6 and 9 respectively. Does every point of the smaller circle lie 
within the greater ? 
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Pboposition I. Theorem 

174. In the same circle or in equal circles^ equal cen- 
tral angles intercept equal arcs ; and, conversely ^ equal 
arcs subtend equal central angles. 





Hyp, In equal (D, O and 0', 

To prove arc AB = arc A'B*. 

Hint. — Prove by superposition. Compare (69). 
Conversely. — H3rp. In equal (D, and 0', 

arc AB = arc A'B\ 
To prove AO^AO\ 

Hint. — By superposition. 

175. Cor. In the same or in equal circles, the greater of 
two unequal central angles intercepts the greater arc, and 
conversely. 

Ex. 296. Divide a circumference into four equal parts. 

Ex. 296. Divide a circumference into eight equal parts. 

Ex. 297. Divide a circumference into six equal parts. 

Ex. 298. What is the means for proving the equality of arcs ? 

Ex. 299. If from a point ^ in a circumference a chord AB and a 
diameter AC are drawn, a radius parallel to AB bisects arc BC. 

Ex. 300. If through a point equidistant from two points in the circum- 
ference a radius is drawn, the arc between the two points is bisected. 
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Ex. 301. If a secant is parallel to a diameter, the lines intercept equal 
arcs on the circumference. 

Ex. 302. Any two parallel secants intercept equal arcs on a circum- 
ference. (Ex. 301.) 

Ex. 303. If the perpendiculars drawn from a point in the circumference 
upon two radii are equal, the point bisects the arc intercepted by the two 
radii. 

Ex. 304. If the line joining the midpoints of two radii is equal to the 
line joining the midpoints of two other radii, the radii intercept equal 
arcs respectively. 

Ex. 305. If the perpendiculars from the center upon two chords are 
equal, the arcs subtended by the chords are equal. 

176. Def. a polygon is inscribed in a circle, if all its ver- 
tices are in the circumference. The circle is then said to be 
circumscribed about the polygon. 



Proposition II. Theorem 

177. In the same circle, or equal circles, equal arcs are 
subtended by equal chords; and, conversely, equal 
chords subtend equal arcs. 





Hyp. In equal ©, O and 0\ 

arc AB = arc A'B\ 
To prove AB = A'B\ 
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Proof. Draw radii, OA, OB, O'A', O'B'. 
ZAOB = ZA'0'B', 
(^equal arcs subtend equal central A in equal ®). 
AG = A'O', 
(radii of equal <D). 

BO^B'0\ 
(radii of equal ©). 
.-. A ABO = A A'B'O', 
(8. a. 8, = 8. a. «.)• 
.-. chord AB = chord A'B\ 
Conversely. — Hyp. In equal (D, and O', 

AB=A'B\ 
To prove arc AB = arc A'B\ 

Hint. — Draw radii OA, OB, 0'A\ O'B', and prove the equality of 

A. OAB and O'A'B'. 

B^ C 



Q.E.D. 



Ex. 306. If chords AB, BC, CD, DE are 

equal, then chords AC, BD, CE are equal. 



Ex. d07. If in the annexed diagram AB= CD, 
then BC = AD, 

Ex. 308. If in the same diagram two inter- 
secting chords, AD and BC, are equal, then 
AB = CD, 

Ex. 309. The diagonals of an equilateral pen- 
tagon inscribed in a circle are equal. 

Ex. 310. The radii drawn to the vertices of 
an inscribed equilateral hexagon divide the figure into six equilateral 
triangles. 

Ex. 311. If two chords bisect each other, the arcs intercepted by the 
sides of a pair of vertical angles are equal. 

Ex. 312. If two chords bisect each other, they are diameters. 
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Proposition III. Theorem 

178. A radius perpendicular to a chord bisects the 
chord and the subtended arc. 




Hyp. In O O, 

the radius OD±AB. 
To prove AE = EB, 

arc AD = arc DB. 
Hint. — Draw radii AO and OB. 
What is the usual means of proving : 

(i) The equality of lines ? 
(2) The equality of arcs ? 

179. Cor. A perpendicular bisector of a chord passes 
through the center of the circle. 



Ex. 313. If two chords are equal, the perpendiculars from the center 
upon the chords are equal. 

Ex. 314. If the perpendiculars from the center upon the sides of an 
inscribed polygon are equal, the polygon is equilateral. 

Ex. 316. If from a point without a circle two equal lines are drawn to 
a circumference, the bisector of the angle they form passes through the 
center of the circle. 

Ex. 316. Two points, each equidistant from the ends of a chord, deter- 
mine a line passing through the center of the circle. 
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Proposition IV. Pboblem 
180. To circumscribe a circle about a given triangle. 



Given. A ABC. 

Required. To circumscribe a circle about A ABC. 

Construction. Erect perpendicular-bisectors upon BC and 
AC. 

They will intersect at some point E. (Why ?) 

From ^ as a center, with a radius equal to EA, describe a O. 
It will pass through A, B, and C. (Why ?) 

.-. ABC is the required O. (Why ?) q.e.f. 

181. Cor. 1. Three points not in a straight line determine 
a circumference. 

182. Cor. 2. A circumference cannot be drawn through 
three points which lie in the same straight line. 

183. Cor. 8. A straight line cannot intersect a circumfer- 
ence in more than two points. 

184. Cor. 4. Two circumferences cannot meet in more 
th&n two points. 



Ex. 317. To find the center of a given circle. 
Ex. 318. To find the midpoint of a given arc. 
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Proposition V. Theorem 

185. In the same or in equal circles^ equal chords are 
equally distant from the center ; and, conversely y chords 
equally distant from the center are equal. 




RyV. — ln OABCD: 

chord AB = chord CD, OE±AB, OH±OD. 
To prove OE = OH. 

Hint. ^ What is the means of proving the equality of lines ? 
Conversely. Hyp. In O ABCD : 

OE==OH, OE±AB, OHJlCD, 
To prove AB = CD. 

The proof is similar to the above. 

186. Eemark. — The equality of two chords is usually estab- 
lished by means of equal distances from the center or equal sub- 
tended arcs. 

Ex. 319. If from any point in the circumference two chords are 
drawn making equal angles with the radius to the point, these chords 
are equal. 

Ex. 320. If through any point in a radius two chords are drawn 
making equal angles with the radius, these chords are equal. 

Ex. 321. A line joining the point of intersection of two equal chords 
to the center bisects the angle formed by the chords. 

Ex. 322. In a given circle, to draw a chord equal and parallel to a 
given chord. 
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Proposition VI. Theorem 

187. In the same or in equal circles^ the greater of 
two minor arcs is subtended by a greater chord ; and, 
conversely y the greater chord subtends the greater arc. 





Hyp. In equal ©, and 0', 

axe AB > are A'B'. 
To prove AB>AB\ 

Proof. Draw radii OA, OB, O'A', O'BK 
In A^O.Band^'0'5', 

ZO>ZO\ (175) 

but AO = AO' and BO = B'0\ 

{Badii of equal ©). 

.\AB>A'B\ (128) Q.E.D. 

Conversely. — H3rp. In equal (D, and 0', 

AB > A'B'. 
To prove are AB > are A^B', 
Proof. Draw radii OA, OB, 0'A\ 0'B\ 
ljiAAOBa.TidA'0'B\ 

AO==A'0\BO = B'0', 

AB>A'B\ (Hyp.) 

.\ZAOB>ZA'0'B\ (129) 

. • . are ^5 > arc AB\ (175) q e.d. 
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Ex. 323. In a given circle, to draw a chord equal and perpendicular to 
a given chord. 

Ex. 324. In a given circle, to draw a chord equal to a given chord, and 
parallel to a given line. 

Ex. 326. In a given circle, to draw a chord equal to one-half a given 
chord, and perpendicular to a given line. 



C 




Ex. 326. In the annexed diagram, if 
AB> CD^ and arcs ACB and DAC are 
minor arcs, prove that CB>AD. 

Ex. 327. In the same diagram, if CB > AD^ 
and arcs DAC and ACB are minor arcs, prove 
thatil^> CD. 



Proposition VII. Theorem 

188. In the same circle, or in equal circles, chords un- 
equally distant from the center are unequal, the nearer 
one being the greater; and, conversely. 



HA 




Hyp. In O ABDC, OE ± chord AB, OF ± chord CD, and 

0F> OE, 
To prove AB > CD. 

Proof. On OF lay off OG = OE. 
Through G, draw chord HKl. OF. 
Then HK=^AB. (Why?) 
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Since OG < OF, O lies between and F. 

.-. KH lies between and CD. 

.-. arc HK> arc CD. (Ax. 9.) 

.-. HK> CD. (187) 

.-. AB>CD. g.E.D. 

Conversely. — Hyp. AB > C2>. 
To prove OF>OE. 

Prove by the indirect method. 

189. CoR. The diameter is greater than any other chord. 

190. Eemark. — The inequality of chords is usually established 
by means of unequal distances from the center or by means of 
unequal arcs. 

Note. — The following table will be found convenient. 

Prop. I, II, V, VI, VII, and several others, may be represented 
by the following schedule : 

In the same circle or equal circles : 

When central angles are equal, greater, smaller, 

minor arcs are equal, greater, smaller, 

chords are equal, greater, smaller, 

distances of chords from center are equal, smaller, greater , 

segments are equal, greater, smaller, 

sectors are equal, greater, smaller. 

If, e.g. chords are equal, then central angles, minor arcs, etc., 
are equal ; similarly for unequal parts. 

[Def. a segment of a circle is a portion of a circle bounded by a chord 
and its arc. 

A sector of a circle is a portion of a circle bounded by two radii and 
their intercepted arc.] 
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Ex. 328. The side of an equilateral hexagon inscribed in a circle is 
nearer to the center than the side of an equilateral heptagon inscribed in . 
the same circle, and more remote from the center than the side of an equi- 
lateral pentagon inscribed in the same circle. 

Ex. 329. The shortest chord which can be drawn through a point within 
a circle is perpendicular to the radius drawn through the point. Which 
is the longest ? 

Ex. 330. Two chords drawn from a point in the circumference are 
unequal if they make unequal angles with the radius drawn from that 
point. Which of the chords is the greater ? 

Ex. 331. Two chords drawn through an interior point are unequal 
if they make unequal angles with the radius drawn through that point. 
Which is the greater one ? 

Proposition VIII. Theorem 

191. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Hyp. In O 0, 

radius OAl.BC^tA. 

To prove BC is a tangent. 
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Proof. 


From *0 draw any line OD to BC. 






OA±BC. 


(Hyp.) 




.: OD is oblique to BC. 


(98) 




.: OD>OA. 


(120) 




.: D lies without the circumference. 


(170) 




.-. BC is a tangent to O 0. 


(165) aE.D. 



192. Cor. 1. A tangent is perpendicular to the radius drawn 
to the point of contact. 

193. CoR. 2. A perpendicular to a. tangent at the point of 
contact passes through the center of the circle. 

194. Cor. 3. A perpendicular from the center to a tangent 
meets it at the point of contact. 

196. Cor. 4. At a given point of contact there can be one 
tangent only. 

Proposition IX. Theorem 

196. The tangents drawn to a circle from a point 
without are equal. 



Hyp. In O 0, 

AB and AC are tangent. 

To prove AB = AC, 

Hint. — What is the means of proving the equality of lines ? 
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197. Def. a common tangent of two circles is called an 
interior tangent when it lies between the two circles ; otherwise, 
it is called an exterior tangent. 

198. Def. The length of a common tangent is the length of 
the segment between the points of contact. 



Ex. 332. The common internal tangents of two circles are equal. 

Ex. 333. The common external tangents of two circles are equal. 

Ex. 334. A chord forms equal angles with the tangents drawn at its 
ends. 

Ex. 335. The sum of two opposite sides of a circumscribed quadri- 
lateral is equal to the sum of the other two opposite sides. 

Ex. 336. Find a similar proposition for the circumscribed hexagon. 

Ex. 337. If two tangents make an angle of 60°, the chord joining the 
points of contact equals the tangents. 

Proposition X. Theorem 

199. If two circumferences intersect^ a straight line 
joining their centers bisects their common chord at right 
angles. 




Hyp. Circumferences ACB and ADB intersect at A and B, 
To prove 00', joining their centers, is the perpendicular- 
bisector of AB. 
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Proof. and 0' are each equally distant from A and B. 

(Why?) 
.-. 00' is the perpendicular-bisector of AB. (Ill) ^e.d. 

200. Dep. The line of centers is the line joining the centers 
of two circles. 

201. Def. Two circles are tangent to each other if both are 
tangent to a straight line at the same point. They are tangent 
internally or externally, according as one circle lies within or 
without the other. 

Proposition XI. Theorem 

202. If two circles are tangent to each others their 
line of centers passes through the point of contact. 




Byp. 00* is the line of centers of circles, and 0\ tangent 
at C. 



To prove 



00' passes through C. 



Proof. At the point of contact, C, draw a perpendicular to 
the common tangent. 

This perpendicular passes through and 0\ (1^3) 



00' passes through C. 



Q.E.D. 
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Ex. 338. What are the relative positions of two circles, if the line of 
centers is 

(a) Greater than the sum of the radii ? 
(6) Equal to the sum of the radii ? 

(c) Smaller than the sum but greater than the difference of the radii ? 

(d) Equal to the difference of the radii ? 

(e) Smaller than the difference of the radii ? 
(/) Equal to zero ? 

EXERCISES 

Ex. 339. If a secant intersects two concentric circles, its segments, 
intercepted by the two circumferences, are equal. 

Ex. 340. Two parallel chords, drawn through the extremities of a 
diameter, are equal. 

Ex. 341. In the annexed diagram, if the radius OB is equal to AB^ 
jpTOYeZCOD = SZA. 




Ex. 342. If from A the tangents AB and AC are drawn to a given 
circle 0, and a third tangent intersects AB and AC in D and F, 
Prove (1) AD-^DF-^AF = 2 AB, 
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* Ex . 343. The two common exterior tangents of two circles intercept on 
a common interior tangent a segment, CD, equal to the exterior tangent, AB. 




MEASUREMENT 



203. A ratio of two quantities of the same kind is the 
quotient obtained by dividing the first quantity by the second. 

Thus, the ratio of two quantities, a and b, is ^ or a -f- 6 ; the 



ratio of four yards and two yards is f or 2. A ratio is used to 
compare the magnitude of two quantities. 

204. To measure a quantity is to find how many times it 
contains another quantity of the same kind, called a unit of 
measurement. Thus a line is measured by finding that it con- 
tains a certain number of yards or inches. 

206. A number which expresses how many times a quantity 
contains a unit is called the numerical measure of the quantity. 

206. Two quantities are commensurable when there is a third 
quantity, called the common measure, which is contained an 
integral number of times in each. 

207. Two quantities are incommensurable when there is no 
common measure. The ratio of such quantities is called an 
incommensurable ratio. 
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208. Such a ratio cannot be found exactly in figures, but an 
approximate value can be found that differs from the true 
value by less than any assigned value, however small. If AB 
and CD are two lines whose ratio is the square root of two, 

then ^ = V2 = 1.41421 + • 

Thus the true value lies between 1.41421 and 1.41422, and 
differs from either of the approximate values by less than 
0.00001. It is evident that by continuing the decimal this 
difference may be diminished to one millionth or one billionth 
or any assigned value, however small. 

If a quantity. Ay be divided into m equal parts, and another 
quantity, B, is found to contain n of these parts, with a 
remainder less than one of the parts, 

then ^^«^^^^« + l. 

Am m 

The error in taking one of these approximate values as a 

ratio is less than — 
m 

As m may be made indefinitely large, the fraction may be 

JD 

made indefinitely small, or the value of — may be found with 

XX 

any assigned degree of accuracy. 

LIMITS 

209. A constant is a quantity that maintains the same value 
throughout the same discussion. 

210. A variable is a quantity whose value changes during 
the same discussion. 

211. A limit of a variable is a constant which the variable 
does approach indefinitely near, but which it can never reach. 

212. For example, suppose a point P to move from AUy B 
in such a way as to move in the first second over half of AB 
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to C, in the second second, over half of the remainder, CB, to 
D, in the third second over half of the new remainder, DB, to 
J5J, and so on indefinitely. 



A c D 1£ i 

It is evident that the moving point P can never reach B, 
while it will approach nearer to B than any quantity which we 
can assign. 

The distance from A to the moving point P is a variable 
whose value can be made to differ from AB by less than any 
assigned quantity, while it never can be made equal to JlB. 

AB is therefore the limit of the variable. 

213. Theorem. If two variables are always eqvxd and each 
approaches a limits tJie two limits are equal, 

A P C B 

1 I 1 



P i' 

Hyp. The equal variables AP and A'P, having the limits 
AB and A'B' respectively. 

To prove AB = A'B\ 

Proof. Suppose AB is greater than A'B', and on AB lay 

off AC =^ A'B'. 

Then the variable AP attains values greater than AC, while 
the variable A'P is always less than AC, or the two vari- 
ables are unequal, which i^ cp4trary to the hypothesis. 
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Whence AB cannot be greater than A^B\ and in like manner 
it can be shown that A^& cannot be greater than AB, 

Therefore AB = AB\ 



Ex. 344. What is the limit of the circulating decimal .999... ? 

Proposition XII. Theorem 
214. In the same circle^ or in equal circles^ two central 
angles have the same ratio as their intercepted arcs. 




Hyp. In the equal circles ABO and AB'C, two central 

angles AOB and A^O'B* intercept the arcs AB and A'B' 

respectively. 

^ Z AOB AB 

To prove ___ = __,. 

Proof. Case I. The arcs are commensurable. 

Let m be a common measure contained in AB five times and 

A'B' four times. 

rrv. AB 5 

Then — , = -. 

Connect the points of division with the center. Then 
Z AOB will have been divided into five parts and Z A'O'B' into 
four, all being equal. (l'^4) 

ZAOB 5 



Whence 

/ A r\T> A-D 

(Ax. 1.) Q.E.D. 



ZA!0'B' 4 
ZAOB _ AB 
ZA'O'B' A'B'' 
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Ca.se II. The arcs are incommensurable. 
Divide AB into any number of equal parts, and apply one of 
those parts to A^B^ as often as possible. 





Since AB and A^B^ are incommensurable, there must be a 
remainder CB^ less than one of the equal parts. Draw O'C. 

Since the arcs AB and A^C are commensurable, 
AC ^ /.A'&C 
AB ZAOB' 

By increasing the number of parts into which AB is divided, 
we can diminish the length of each part, and, therefore, the 
length of CB' indefinitely. 

Hence the arc A'C approaches A'B' as a limit, and ZA'O'C 
approaches Z A'O'B' as a limit. 

Therefore —7^ approaches —r=r as a limit, and . ^^^ 
AB ^ AB ZAOB 

^ Z A'O'B' ,. ., 

approaches j/)p ^^ ^ limit. 

A'C ZA'O'C 
The variables —- and "y~^77^~ being always equal, must 

have equal limits. 

A'B' Z A'O'B' 
Whence -_ = -^__. 

215. Scholium. The circumference is divided into 360 
equal parts called degrees, and therefore a central angle of 1° 
will intercept an arc of 1°. 

The numerical measure of any central angle is equal to the 
numerical measure of the intercepted arc, or more briefly : 

216. A central angle is measured by the intercepted arc. 
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DEFINITIONS 

217. An inacribed angle of a circle is one whose vertex lies in 
the circumference and whose sides are chords. 

218. A segment of a circle is a portion of a circle bounded 
by an arc and its chord. 

219. An angle is said to be inacribed in a segment if its vertex 
lies in the arc «,nd its sides pass through the extremities of 
that arc. 



Ex. 346. How many degrees are there in a central angle which inter- 
cepts I of the circumference ? J of a semicircumference ? 

Proposition XIII. Theorem 

220. An inscribed angle is measured by 07U-half the 
intercepted arc. 

Hyp. Angle ACB is inscribed in circle 0. 

To prove Z ACB is measured by J arc AB. 

Proof. Case I. One side oi the angle 
is a diameter of the circle. 

Draw OB, 



Then BO = 00, (Why ?) 

and ZC = ZB, (Why?) 

ZAOB = ZC + ZB. 
.\ZA0B=^2ZC. 
.'.ZACB = iZAOB, 
But Z AOB is measured by arc AB. 

,\ Z ACB i§ measured by J arc AB, 




a.E.D. 
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Case II. The center lies within the angle. 
Draw the diameter CD, 
Then Z ACD is measured by \ arc ADy 
and Z BCD is measured by \ arc BD, 

(Case I,) 
,\ /. ACD -\- 2L BCD is measured by 
\2irQ{AD-\-BD), 
or AACB is measured by ^ arc ^5. 

Case III. The center lies without the angle. 
Draw the diameter CD, 
Then Z ACD is measured by J arc -4/), 
and Z 5GZ) is measured by J arc 5/). 

(Case I.) 
.\ZACD — Z BCD is measured by 
^2iTG(AD-BD), 
or Z^CB is measured by J arc -45. 

221. Cor. I. Angles inscribed in the same segment, or in 
equal segments, are equal. 

222. Cob. 2. An angle inscribed in a semicircle is a right 
angle. 




Q.E.D. 



Ex. 346. If in the diagram for Case I, Z C = 30**, how many degrees 
are in arc CB ? 

Ex. 347. If in the same diagram arc BC = 3 arc AB, find Z C. 

Ex. 348. If in the diagram for Case II arc ^C is J, and arc J9C is J 
of the circumference, find Z ACB^ A ACD. 

Ex. 349. If in the diagram for Case III, A is the midpoint of arc CB^ 
and B is the midpoint of arc AB^ how many degrees are there in AACB ? 

Ex. 350. If a quadrilateral ABCD be inscribed in a circle, and the 
two diagonals be drawn, find all the angles in the figure, if arc AB = 80°, 
arc BC = 110°, and arc CD = 90°. 

Ex. 351. In the diagram of the preceding exercise, find four pairs of 
equal angles. 

Ex. 352. The opposite angles of an inscribed quadrilateral are 
supplementary. 
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Ex. 353. If through one of the points of intersection of two equal 
circles a line be drawn to meet the circumferences, the extremities of 
that line are equidistant from the other point of intersection. 

Proposition XIV. Theorem 

223. An angle formed by two chords intersecting 
within the circle is measured hy one- 
half the sum of the intercepted lines. 

Hyp. Two chords AB and CD in- 
tersect in E, 

To prove Z AED is measured by 

J (arc AD + arc CB). 
Proof. Draw DB, and apply Prop. XIII. 

Proposition XV. Theorem 

224. An angle formed hy a tangent and a chord 
drawn from the point of contact is measured by half 
the intercepted arc. 





^ B 

Hyp. AB is a tangent, and AO is a chord. 
To prove Z CAB is measured by | arc AC. 
Proof. Draw the diameter AD. 
The rt. Z DAB is measured by ^ arc DCA. 

Z DAC is measured by ^ arc DC (Prop. XIII.) 
,'. Z CAB is measured by ^ arc CA, (Ax. 3.) q.e.d. 
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Ex. 354. If in diagram for Prop. XIV arc AD = 60°, arc BA = 140°, 
and arc CB = 20°, find Z AEC and Z DAE. 

Ex. 366. In the same diagram, prove that Z ADE equals Z EBC. 

Ex. 366. If two perpendicular chords intersect within the circle, the 
sum of a pair of opposite intercepted arcs is equal to a semicircumference. 

Ex. 367. Prove Prop. XV by demonstrating the equality of Z.ADC 
and A CAB. 

Ex. 368. If at the vertex of an inscribed square a tangent be drawn, 
what angle is formed by the tangent and adjacent side ? 

Ex. 369. If, in Prop. XV, arc ^(7 = 2 arc CD, find Z CAB. 

Ex. 360. A chord is parallel to a tangent drawn through the midpoint 
of the subtended arc. 

Proposition XVI. Theorem 

225. An angle formed hy two secants^ or two tan- 
gents, or a tangent and a secant, intersecting without 
a circle, is measured by half the difference between 
the intercepted arcs. 

A 




Hyp. AB and AD are secants drawn from an external point A, 
To prove Z Ais measured by ^ (arc BD — arc EC), 
Hint. ZA = Z BCD - Z CBA. 
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Ex. 361. If the angle formed by two tangents is 60°, how many 
degrees are in each of the intercepted arcs ? 

Ex. 362. If in the diagram for Case I, arc BD = 100° and ZA= 20°, 
find arc EC. 

Ex. 363. If in the same diagram arc EC = 60° and arc EB = arc 
BD = SiXC CD, find Z A 

Ex. 364. If an angle formed by a secant and a tangent is 20° and the 
greater of the intercepted arcs is 90°, how many degrees are in the other 
intercepted arc ? 

226. Scholium. If we consider an arc which intersects the 
sides of an angle as positive when it turns its concave side 
toward the vertex, and negative when it turns the convex side 
toward the vertex, Props. XIII, XIV, XV, and XVI may be 
stated as follows : 

227. Theorem. If tJie sides of an angle (indefinitely pro- 
d^iced) intersect or touch a circumference, five angle is mea^siired 
by one-half tlie algebraic sum of the intercejjted arcs. 



Proposition XVII. Theorem 

228. Parallels intercept equal arcs on a circum- 
ference. 




Hyp. AB and CD are two parallel chords. 
To prove arc AC = arc BD. 

Draw BC and prove by means of Prop. XIII. 
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Ex. 365. Prove the above theorem if both lines are tangents. 

Ex. 366. Prove the above theorem if one line is a tangent and the other 
a chord. 

Ex. 367. State and prove the converse of the same proposition. 

Ex. 368. In the diagram for Prop. XVII, find ZABCif arc AB = 80° 
and arc CD = 120°. 

Ex. 369. A line bisecting an angle formed by a tangent and a chord 
bisects the intercepted arc. 

Ex. 370. Prove that Prop. XVII is a limiting case of (225). 

Proposition XVIII Theorem 

229. ITie opposite angles of an inscribed qnadrilateral 
are supplementary. 




Hyp. ABCD is an inscribed quadrilateral. 

To prove Z A-^ Z C = 2 rt. A. 

Hint. — Find the arcs by which j^A and Z C are measured 



Ex. 371. In the diagram for Prop. XVIII, prove that an exterior angle 
at C is equal to ZA. 

Ex. 372. If the opposite angles of a quadrilateral are supplementary, 
its vertices are coney clic, i.e. a circumference can be described through 
them. 

Ex. 373. Find the sum of three alternate angles of an inscribed hexagon. 

Ex. 374. The corresponding segments of two equal Intersecting chords 
are equal. 
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*Ex. 375. If, through the points of intersection of two circumferences, 
parallels be drawn terminated by the circumferences, these parallels are 
equal. 

Ex. 376. If the bisector of an inscribed angle be produced until it 
meets the circumference, and through this point of intersection a chord 
be drawn parallel to one side of the angle, it is equal to the other side. 

Ex. 377. If in the greater of two concentric circles, chords be drawn 
touching the smaller circle, the chords are equal. 

Ex. 378. If two equal chords intersect, the lines joining their ends 
form an isosceles trapezoid. 

*Ex. 379. If from the extremities of a diameter perpendiculars be 
drawn upon any chord (produced, if necessary), the feet of the perpen- 
dicular are equidistant from the center. 

* Ex. 380. If two unequal chords be produced to meet, the secants thus 
formed are unequal. 

Ex. 381. Which is the shortest line that can be drawn from a point 
within to a given circumference ? Which is the longest ? 

* Ex. 382. Each angle formed by joining the feet of the three altitudes 
of a triangle is bisected by the corresponding altitude. 

* Ex. 383. If from any point in the circumference of a circle perpen- 
diculars be dropped upon the sides of an inscribed triangle (produced, if 
necessary), the feet of the perpendiculars are in a straight line. 

*Ex. 384. The tangents drawn at the vertices of an inscribed rectangle 
enclose a rhombus. 

* Ex. 385. If from any point 
in the circumference of a circle, 
chords be drawn to the vertices 
of an inscribed equilateral tri- 
angle, the longest chord equals 
the sum of the smaller chords. 

(162) 

* Ex. 386. If the opposite sides 
of an inscribed quadrilateral be 
produced to meet in A and jP, 
the bisectors of the angles A 
and F meet at right angles. 

Hint. — Prove 
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CONSTRUCTIONS 

230. Note. — In the following examples, we shall denote the given 
parts of a triangle always in the same manner, the sides by a, 6, c, the 
opposite angles by A, J5, and C, the altitudes by ha, hj,, and he, the 
medians by ma, mi, and mc, and the bisectors by ta, h, and <«. 

Proposition XIX. Problem 

231. To construct a triangle, when three sides are 
given. 




-i X 



Giyen. Lines a, b, c. 

Required. A triangle having sides equal to a, 6, c. 

Construction. Draw DE = a. 

From ^ as a center, with a radius equal to 6, draw an arc. 
From D as a center, with a radius equal to c, draw an arc. 

The arcs intersect at F, Join FE and FD. 

A DEF is the required triangle. q.e.p. 

Discussion. Tho construction is impossible if one side is 
greater than the sum of the other two. 



Ex. 387. Constnict an equilateral triangle, having one side given. 

Ex. 388. Construct an equilateral triangle, having given the perimeter. 

Ex. 389. To find the third angle of a triangle, when two angles are 
given. 
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Proposition XX. Problem 
232. To construct a trianglcy when one side and two 
adjacent angles are given. 

The solution is left to the student. 



Ex. 390. Upon a given base, to construct an isosceles right triangle. 

Ex. 391. Construct an isosceles triangle, having given the base and a 
base angle. 

Ex. 392. To construct a quadrilateral, having given the four sides and 
one angle. 

Ex. 393. Is it possible to solve the preceding exercise by constructing 
first a side not adjacent to the given angle ? 

233. Eemark. — The possibility of a solution of a problem de- 
pends often upon the proper choice of the part which is drawn first. 

Proposition XXI. Problem 

234. To construct a triangle^ when two sides and an 
included angle are given. 

The solution is left to the student. 



Ex. 394. Construct an isosceles triangle, having given an arm and the 
vertical angle. 

Ex. 395. Construct a right triangle, having given the two arms. 

Proposition XXIL Problem 
235. To construct a triangle^ lohen one side, one 
adjacent, and one opposite angle are given. 




V 



C0K8TRVCTI0N8 l03 

Giyen. Line a, angles A and B, 

Required. A A having Z B adjacent to, and Z A opposite to, 
a side = a. 

Construction. Draw DE equal to a. 

At D draw Z EDF equal to Z B. 

At any point, H, in DF, construct Z 2)^(? = Z ^. 

Through -&, draw a line parallel to HG, meeting DH in /. 

A DIE is the required A. 

Proof. DE = a. (Con.) 

ZD = ZB. (Con.) 

ZDIE = ZDHG, 

(corr, A of II h'n^^). 

ZA = ZDHG. (Con.) 

.'.ZDIE = ZA. (Ax. 1.) 

Discussion. The construction is impossible if the sum of 
the given angles is greater than or equal to a straight angle. 



Ex. 396. Construct by means of Prop. XXII a right triangle, having 
given the hypotenuse and an acute angle. 

Ex. 397. Find a construction of the same problem which does not 
depend upon Prop. XXII. 

Ex. 398. Construct a right triangle, having given an arm and the 
opposite angle. 

Ex. 399. Construct an equilateral triangle, having given 
(a) the altitude. 

(6) the radius of the inscribed circle, 
(c) the radius of the circumscribed circle. 
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Proposition XXIII. Problem 

236. To construct a triangle^ when two sides and an 
angle opposite one of them is given. 




E F^-^ ,^'-'F' / 

Giyen. Lines a and &, and Z A, 

Required. A triangle, two sides of which are equal to a and 
by a being opposite an angle equal to A, 

Construction. Draw Z OEI = Z -4. 
On EQ, lay off ED = b. 

From Z> as a center with a radius equal to a, draw an arc 
intersecting EI in F and F'. 

Both A EDF and EDF fulfil the required conditions. 

Discussion. If the arc intersects the base twice, there will 
be two solutions, and if it touches the line, but one. If it does 
not touch the line, a solution is impossible. 



Ex. 400. In the Prop. XXIII, how many solutions are possible, when 
angle A is obtuse ? right ? acute ? 

Ex. 401. Construct a right triangle, having given the hypotenuse and 
one arm. 

Ex. 402. Is it possible to solve the preceding problem by drawing the 
hypotenuse first ? 

237. A triangle may be constructed if the following parts are 

given: 

(1) Three sides. 

(2) Two sides and the included angle. 

(3) Two angles and the included side. 
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(4) Two angles and a non-included side. 

(5) Two sides and the angle opposite one of them. 

To construct a triangle, three independent parts must be 
given. 

Ex. 403. Are the three angles of a triangle three independent parts, 
and can a triangle be constructed when the three angles are given ? 

Proposition XXIV. Problem 

238. From a given, point, to draw a tangent to a 
given circle. 

A 




I. When the given point, Ay is in the circumference. 

Hint. — What is the angle formed by a radius and a tangent at its 
extremity ? 

II. When the given point, A, is without the circle. 
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Construction. Join Ay and O the center of the given circle. 
On OA as a diameter, construct a circumference, intersecting 
the given circumference in B and 0. 

Then AC and AB are the required tangents. 
Hint. — Show that A AGO and OB A are right angles. 



Ex, 404. Construct a line tangent to a given circle and parallel to a 
given line. 

Ex. 406. Construct a line tangent to a given circle and perpendicular 
to a given line. 

Proposition XXV. Problem 

239. To inscribe a circle in a given triangle. 



B D c 

Given. A ABC. 

Required. To inscribe a circle in A ABC. 
Construction. Bisect the A B and (7. 
From 0, the intersection of the bisectors, draw 0D± BC. 
From as a center, with a radius equal to OD, draw a 
circle, which is the required one. 
[The proof is left to the student.] 

240. Dep. a circle touching one side of a triangle and the 
prolongations of the other two sides is an escribed circle. 



Ex. 406. Construct the three escribed circles of a triangle. 

Ex. 407. The bisector of an angle of a triangle meets the circumfer- 
ence of the circumscribed circle in a point which is equidistant from the 
other two vertices of the triangle and the center of the inscribed circle. 
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Proposition XXVI. Problem 
241. Upon a given straight line, to construct a seg- 
ment of a circle which shall contain a given angle. 




Given. Line AB and Z M. 

Required. To construct a segment of a circle on AB which 
shall contain Z M, 

Construction. At A, draw Z BAG =ZM. 

At A, draw AE ^.\J0 AC. 

Draw the perpendicular-bisector of AB, intersecting AE at 0. 

From as a center, with a radius equal to OA, draw a 
circle ADB, 

ADB is the required segment. 

Proof. AC is a tangent to the circumference. 

.-. Z CAB is measured by J arc AB. 

But ZDis measured by ^ arc AB\ 

.-. ZD^ZCAB = ZM. 



(191) 
(224) 
(220) 



ANALYSIS OF PROBLEMS 

242. An analysis of a problem is a course of reasoning by 
which a construction is discovered. Although no rules can be 
given which apply to all constructions, the method explained 
in the following exercises may be used in many problems. 
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Ex. 408. To construct a triangle having given one side, the cor- 
responding median, and the altitude to another side. 

Given. Three lines, 6, h^, wij. 

Required. A triangle having one side equal to 6, the corre- 
sponding median equal to m^, and the altitude upon another 
side equal to h^. 

B 

h\ 1 



ha^ 




m^>- 



Analysis. (1) Suppose ABC is the required triangle. 

(2) Then we know CA{= b), CE and EA f= ^\ AD (= K), 
BE ( = wij), and A ADC and ADB (=Tt,A)\ ^^ 

(The student is advised to mark the known parts as indi- 
cated in the diagram, or to draw them in a different color from 
the other lines.) 

(3) Examine all triangles in the figure, and see if one can 
be constructed. The rt. A ADC can be constructed, having 
given two sides. 

(4) Make this triangle the basis of the construction. 
Hence, 

Construction. Draw DA = h^. 

At D, draw FH ± to AD, 

From ^ as a center, with a 
radius equal to 6, draw an arc in- 
tersecting DH in C. Draw AC, 

Bisect ^O in ^, and from E as 
a center, with a radius equal to 
mj, describe an arc, meeting FH 
in B. 

ABC is the required triangle. 
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Proof. AD = K 

BE = wij. 

AC=h. 
AD is an altitude as Z ADC = rt. Z. 

CE = EA, 
.*. EB is a median. 

243. The following rules express the procedure in a general 
form: 

(1) Construct a diagram as if the construction were completed. 

(2) Find all known lines and angles of the figure (and mark 
them). 

(3) Try to construct some part of the figure, usually a 
triangle. 

(4) Make this triangle (or other figure) the basis of the 
construction. 

(4 a) If it is impossible to find such a triangle, draw addi- 
tional lines and proceed as before. 

Ex. 409. To construct a triangle, having given the median aitd 
dUitude to one side and another median, 

B 
mfti i 



hh^ 




Wlcl ' • 

Analysis. (1) Suppose ABC is the required triangle. 

(2) Then we know BD(=h,\ BE{=m^), CF(=m,), 
EH{=\m,\ BH{=lm,\ HF{=\m:), HC(=im:), and 
ABDE and BDA{=Tt.Ay 

(3) Examine all triangles. BED is the only one that can 
be constructed. 

(4) Make the A BED the basis of the construction. 

Some problems require the drawing of additional lines (as 
stated above under 4 a). 



no 
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244. Remark. — When a sum or a difference is given, con- 
struct such sum or difference in the analysis. 



Ex. 410. To construct a triangle, Jiaving given (lie hose, tJie sum 
of the other two sides, and the angle included by the two. 



6+ci- 




Analysis. (1) Suppose BCD is the required triangle. 

(2) Then we know two parts only. 

.-. produce CD to E so that DE = DB. 
Draw EB. We now know CB(=^a), CEi^^b + c), 
ZCDB(=A), ZEf=^\ and ZDBsf^^X 

(3) Examine all triangles. As BCE can be constructed, 
make this the basis of the construction. 

Ex. 411. To construct a trapezoid, hxxving given the sum of the 
bases (s), a diagonal (d), a base angle (A), and the angle formed 
by tlie diagonals (0). 



cf- 



ySfi 

L 




Analysis. (1) Suppose ABCD is the required trapezoid. 
Produce AD to E so that DE = BC, Draw CE, 

(2) WeknowAE(=s),AC(=d),ZAOD(=0),ZBAD(=A), 
ZACE(=:AOD= 0). 

(3) A ACE can be constructed. 
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Ex. 412. Construct an isosceles triangle, having giyen the base and 
the vertical angle. 

Ex. 413. Construct an isosceles triangle, having given the sum of base 
and an arm, and a base angle. 

Ex. 414. Construct a triangle, having given an angle, an adjacent side, 
and the difference of the other two sides. 

Ex. 416. Construct a triangle, having given the base, the difference of 
the other two sides, and the angle included by the two. 

Construct a right triangle, having given : 

Ex. 416. One arm and the altitude upon the hypotenuse. 

Ex. 417. The hypotenuse and the difference between the arms. 

Ex. 418. The hypotenuse and the sum of the arms. 

Construct a triangle, having given : (See note 230.) 

Ex. 419. a, h, m^. Ex. 424. 5, c, ^. 

Ex. 420. a, &, ^6. Ex. 425. a, ha, K 

Ex. 421. a, K, ma. Ex. 426. ha, Z.B,Z.C, 

Ex. 422. a, ma, Z B, Ex. 427. ha, K, A C, 

Ex. 423. ma, ha, Z. B, Ex. 428. a,b,ZA + ZB. 

LOCI 

245. A locus of a point in a plane is a line or a group of lines, 
all points of which fulfil a certain condition, fulfilled by no 
other points. 

246. All points equidistant from two given points lie in the 
perpendicular-bisector of the line joining the points, and there 
is no point without the perpendicular-bisector which is equi- 
distant from these points. 

.'. The perpendicular-bisector is a locus. 

247. To prove therefore that a certain line is a locus, we 
must establish that: 

(1) Every point in the line satisfies the given condition. 

(2) No point without the line satisfies the given condition. 
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THEOREMS 

248. The locus of a point equidistant from the ends of a 
given line is the perpendicular-bisector of that line. 

249. The locus of a point at a given distance from a given 
point is the circumference described from the point with the 
given distance as radius. 

250. The locus of a point that is at a given distance from 
a given straight line consists of two lines parallel to the given 
line at the given distance. 

251. The locus of a point equidistant from two given par- 
allel lines is a third parallel, bisecting any line ending in the 
given parallels. 

252. The locus of a point equidistant from two intersect- 
ing straight lines, consists of the bisectors of the included 
angles. 

Ex. 429. Find the locus of the vertex of all right angles whose sides 
pass through two given points. 

Ex. 430. Find the locus of the midpoints of the radii of a given circle. 

EXERCISES 

In the following exercises, state under what conditions no 
point, one point, or several points may be found. 

Ex. 431. In a given line, AB^ find a point at a given distance, d^ from 
a given point, C. 

Ex. 432. In a given line, AB, find a point at a given distance, d, from 
a given line, CD. 

Ex. 433. In a given line, AB^ find a point equidistant from two given 
points, P and Q. 

Ex. 434. In a given circumference, find a point at a given distance, rf, 
from a given point, C. 

Ex. 435. In a given circumference, find a point equidistant irom two 
given parallel lines, CD and EF, 
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Ex. 436. In a given circumference, find a point equidistant from two 
given intersecting lines, CD and EF, 

Ex. 437. Find a point equidistant from two given intersecting lines, 
AB and CD, and at a given distance from a given point, E. 

Ex. 438. Find a point equidistant from two given intersecting lines, 
AB and CD, and at a given distance from a given line, EF, 

Ex. 439. Find a point equidistant from two given intersecting lines, 
AB and CD, and equidistant from two given points, E and F. 

Ex. 440. Find a point equidistant from two given points, and having 
a given distance from a given point, E. 

Ex. 441. Find a point equidistant from two given points and equi- 
distant from two given parallel lines, EF and GH. 

Ex. 442. Find a point equidistant from two given points and equi- 
distant from two given intersecting lines, EF and GH, 

Ex. 443. Find a point at a given distance, d, from a given line, AB, 
and equidistant from two given points, E and F. 

Ex. 444. Find a point having a given distance, d, from a given line, 
AB, and equidistant from two given parallel lines, EF and GH. 

Ex. 445. Find a point having a given distance, d, from a given line, 
AB, and equidistant from two given intersecting lines, EF and GH. 

Ex. 446. Find the locus of the center of a circle that passes through 
two given points. 

Ex. 447. Find the locus of the center of a circle that touches two 
given lines. 

Ex. 448. Find the locus of the center of a circle which has a given 
radius and touches a given line. 

Ex. 449. Find the locus of the center of a circle which has a given 
radius and touches a given circle. 

Ex. 450. Find the locus of the center of a circle touching a given line 
at a given point. 

Ex. 451. Find the locus of the center of a circle that touches a given 
circle in a given point. 

To construct a circle having a given radius : 

Ex. 452. Touching a given line and passing through a given point. 

Ex. 453. Touching two given lines. 
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Ex. 454. Passing through a point and touching a given circle. 

Ex. 455. Touching two given circles. 

Ex. 466. Touching a given circle and a given line. 

253. No general method can be given for the solution of 
exercises ; a great many, however, can be solved 

(1) By a gradual putting together of the given parts. 

(Remark 233.) 

(2) By means of an analysis. 

(3) By means of loci. 

MISCELLANEOUS EXERCISES 

Ex. 457. Through a given point, to draw a line cutting off equal 
parts on the sides of a given angle. 

Ex. 458. Through a given point, to draw a line making a given angle 
with a given line. 

Construct an isosceles triangle, having given : 

Ex. 469. The base and the altitude upon an arm. 

Ex. 460. The altitude upon the base and the vertical angle. 

Ex. 461. The vertical angle and the sum of one arm and the base. 

Ex. 462. The perimeter and the base angles. 

Construct a right triangle, having given : 

Ex. 463. One acute angle and the altitude upon the hypotenuse. 

Ex. 464. The altitude upon the hypotenuse and one of the segments of 
the hypotenuse. 

Ex. 465. The sum of the arms and one acute angle. 

Ex. 466. To find a point in one side of a triangle which is equidistant 
from the other two sides. 

Ex. 467. Find the locus of the vertex of a right triangle, having a given 
hypotenuse. 

Ex. 468. From a point P, in the circumference of a circle, to draw a 
chord, having a given distance from the center. 

Ex. 469. In a given circle, to draw a diameter having a given distance 
from a given point. 
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Ex. 470. Through a given point without a circle, to draw a secant 
having a given distance from the center. 

Ex. 471. Through two given points in a circumference, to draw two 
equal parallel chords. 

Ex. 472. Trisect a given straight angle. 

Ex. 473. Trisect a given right angle. 

Ex. 474. Through a given point, to draw a line of given length termi- 
nating in two given parallel lines. 

Ex. 475. Through a given point, to draw a line making equal angles 
with two given lines. 

* Ex. 476. To bisect an angle formed by two lines, without producing 
them to their intersection. 

To construct a triangle, having given : (Note 230.) 

Ex. 477. a, Z B, ha- Ex. 482. a, Z B, me. 

Ex. 478. a, ZA, ha* «Ex. 483. m„ mt, he. 

Ex. 479. a + b + c,ZB,ZC. *Ex. 484. »»«, Aj, h^. 

Ex. 480. a, Z A, m.. * Ex. 485. m., m^, me. 
Ex. 481. a, &, me. 

To construct a square, having given : 
Ex. 486. The diagonal. 

Ex. 487. The difference between the diagonal and the side. 
Ex. 488. The sum of the diagonal and the side. 

To construct a rectangle, having given : 

Ex. 489. One side and the diagonal. 

Ex. 490. The angle formed by the diagonals and one side. 

Ex. 491. The perimeter and the diagonal. 

To construct a rhombus, having given : 
Ex. 492. The two diagonals. 
Ex. 493. The perimeter and one diagonal. 
Ex. 494. One angle and a diagonal. 
Ex. 495. The altitude and the base. 
Ex. 496. The altitude and one angle. 
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To construct a parallelogram, having given : 

Ex. 497. Two sides and one altitude. 

Ex. 498. Two sides and an angle. 

Ex. 499. One side and the two diagonals. 

Ex. 500. One side, one angle, and one diagonal. 

Ex. 501. The diagonals and the angle formed by the diagonals. 

254. In the analysis of a prob- 
lem relating to a trapezoid, draw ^ 

a line through one vertex, Ay / \ 
either parallel to the opposite / ', 

arm, DC, or parallel to a diago- ^ ^ 

nal, DB, 

To construct a trapezoid, having given : 

Ex. 502. The four sides. 

Ex. 503. The bases and the base angles. 

Ex. 504. The bases, another side, and one base angle. 

Ex. 505. The bases and the diagonals. 

Ex. 506. One base, the diagonals, and the angle formed by the 
diagonals. 

Ex. 507. To draw a common exterior tangent to two given circles. 

Ex. 508. To draw a common interior tangent to two given circles. 

Ex. 509. About a given circle, to circumscribe a triangle, having given 
the angles. 

Ex. 510. Find the locus of the midpoints of the chords that pass 
through a given point in the circumference. 

Ex. 511. Find the locus of the midpoints of the secants that pass 
through a given point without a circle. 

Ex. 512. In a given circle, to inscribe a triangle, having given the 
angles. 

* Ex. 513. From a given point in a circumference, to draw a chord that 
is bisected by a given chord. 
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Ex. 514. Given a point, A, between a cii^cu inference and a straight 
line. Through A, to draw a line terminated by the circumference and the 
given line, and bisected in A. 




Ex. 516. Given two points, A and B^ on the same side of a line, CD. 
To find a point, X, in CD, such that Z AXC = Z BXD. 

Ex. 516. The bisectors of the angles of a circumscribed quadrilateral 
meet in a point. 



BOOK III 

PROPORTION. SIMILAR POLYGONS 

255. A proportion is a statement expressing the equality of 

two ratios, as - = ^ or a:b = c:d, 
b a 

256. The first and the fourth terms of a proportion are called 
the extremes, the second and the third, the means. 

257. The first and the third terms are called the antecedents, 
the second and the fourth the consequents. 

Thus, in the proportion, a:b = c:d,a and d are the extremes, 
b and c the means, a and c the antecedents, and b and d the 
consequents. 

258. When the means of a proportion are equal, eitJier mean 
is said to be the mean proportional between the first and the 
last terms, and the last term is said to be the third proportional 
to the first and the second terms. 

Thus, in the proportion, a : 6 = 6 : c, 6 is the mean propor- 
tional between a and c, and c is the third proportional to a 
and b. 

259. The last term is the fourth proportional to the first three. 
Thus, in the proportion, a : 6 = c : d, d is the fourth proportional 
to a, 6, and c. 

260. A series of equal ratios is called a continued proportion. 

261. The two terms of a ratio must be either quantities 
of the same kind, or the quantities must be represented by 
their numerical measures only. 

118 
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Proposition I. Theorem 

262. Ill any proportion, the product of the means is 
equal to the product of the extremes. 

To prove ad = bc. 

Multiplying both members by bd, 

ad = be, Q,E.o. 

263. Cor. If the first three terms of a proportion are 
respectively equal to the first three terms of another propor- 
tion, the fourth terms are also equal. 

264. Note. — The product of two quantities, in Geometry, means the 
product of the numerical measures of the quantities. 



Ex. 517. Find the value of x if 3 : x = 4 : 8. 
Ex. 518. Find the value of x if a : m = x : n. 

Proposition II. Theorem 

266. If the product of tioo numbei^s is equal to the 
product of two other numbers, either two may he made 
the means, and the other two the extremes of a pro- 
portion. 

Uyp. mn = pq. 

To prove mip = q:n. 

Proof. mn =zpq. 

Dividing both members by np 

P n Q.E.D. 



Ex. 519. If ah = mriy find all possible proportions consisting of a, &, 
fii, and n. * 
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Proposition III. Theorem 

266. A mean proportional between two quantities is 
equal to the square root of their product. 

Hjrp. a:b = b:c. 

To prove b = -Vac, 

Proof. 6^ = ac. (262) 

Extracting the square root of both members 

b =-\/ac, Q.ED 



Ex. 520. Find the mean proportional between 2 and 60, between 
a + m and a — m. 

Ex. 521. Find the third proportional to m and n. 



Proposition IV. Theorem 

267. If four quantities are in proportion^ they are in 
proportion by alternation, i.e. the first term is to the 
third as the second is to the fourth, 

Hjrp. a'.b = c:d. 

To prove a:c = b:d. 



Proof. 

Multiplying by - 
c 



b~~d 



a_6 

C d Q.E.D. 



268. Cor. If a : 6 = c : d, and a = A;c, then b = kd. 

Hint. — Since a = kc, - = k, etc. 

c 
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Proposition V. Theorem 

269. If four quantities are in proportion, they are 
in proportion by inversion, i.e. the second term is 
to the first as the fourth is to the third. 

Hyp. a:b = c:d. 

To prove b:a = d:c. 

Proof. ad = be. (262) 

.•. b:a = d:c, (265) qe-d. 



Ex. 522. Transform the proposition, m:x=p :q, so that x becomes 
tlie fourth term. * 

Proposition VI. Theorem 

270. If four quantities are in proportion, they are in 
proportion by composition, i.e. the sum of the first two 
terms is to the second term as the sum of the last two 
terms is to the fourth term. 

Hjrp. a:b = c:d. 

To prove a-{-b:b = c -\-d:d. 

5 + 1 = £ + 1, (Ax. 2.) 

or a+A = ^±l. 



Proposition VII. Theorem 

271. If four quantities are in proportion, they are 
in proportion by division, i.e. the differeyice of the 
first two terms is to the second term as the difference 
between the last two terms is to the fourth term. 
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Hyp. 


aih = cid. 


To prove 


a-'b:b = c — d:d. 


Proof. 


a c 
b d 




f-'=h'' 



or 



a—b c— d 



(Ax. 3.) 



Ex. 523. If X + y : y = 7 : 3, find the ratio of x and y. 
Ex. 524. If X — y : y =^ 2 : 3, find the ratio of x and y. 



Proposition VIII. Theorem 

272. If four quantities are in proportion^ they are 
in proportion hy composition and division^ i.e. the 
sum of the first two terms is to their difference as 
the sura of the la^st two terms is to their difference. 



Hyp. 

To prove 

Proof. 



a:b = c:d, 

a-\-b:a-'b = c-\-d:C'-d. 

a-\-b _ c-\-d 
b " d ' 

a—b c—d 



b d 

Dividing member by member, 

a + b __ c-{-d 
a—b c—d 



(270) 
(271) 

aE.D. 



Ex. 525. If X + y : X - y = 12 : 5, find the ratio of x and y. 
Ex. 526. If X -^ y : X — y =r a : b, find the ratio of x to y. 
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Proposition IX. Theorem 

273. In a continued proportion the sum of any num- 
ber of antecedents is to the sum of the corresponding 
consequents as any antecedent is to its consequent. 

Hyp. a:b = c:d = e:f. 

To prove a-i'C-\-e:b-\-d +/= a : b. 

Proof. ab = ab. 

ad = be. (262) 

a/= be. (262) 

By adding the equations 

oft -f od -f af= ab -f- be -}- be, 
or a{b-{-d-{-f) = b(a-\-c-\-e). 

.'. a-\-c-\-e:b-\-d+f=a:b. (265) q.e.d. 



Ex. 527. U a:b = c:d = e :/= 5 : 7, find ±±£jL^. 

6 + d+/ 



Proposition X. Theorem 

274. The products of the corresponding terms of 
tioo or more proportions are in proportion. 



Hyp. 


a:b = c:d. 






m:n=p:q. 




To prove 


am •.bn = cp:dq. 




Proof. 


a c 
b~d 


(Hyp.) 




n q 


(Hyp.) 
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Multiplying the corresponding members of the equations, 











am 
bn 


dq 








275. 


. Cor. 


If 




a _ 
b" 


c 








then 


628. If 2 


1:3 = 


^1. 

' y 


ma _ 

nb ~ 


mc 
'nd 




llnd 




Ex. 


: X and 2 : 27 


= 4: 


y, 


X. 



Q.E.D. 



Proposition XI. Theorem 



276. If four quantities are in proportion^ like powers 
or like roots of these quantities are in proportion. 



Hyp. 


a : 6 = c : d. 


To prove 


a" : 6" = c» : d" 


and 


Va : Vb = Vc : V5. 


Proof. 


a c 
b~d 


Raising both members to the nth power, 




a" __ c*\ 
6" " d*' 


Similarly, it 


can be shown that 




Va \/c 




V6 Vd 



Ex. 529. If x8 : y8 = 64 : 125, find ^. 



Ex. 530. If v^x : 1 = %/y : 2, find ?. 

y 



PROPORTIONAL LINES 125 

Proposition XII. Theorem 

277. Equimultiples of two quantities are in the same 
ratio as the quantities. 

Bjp, a and b are two quantities. 
To prove maimb = a:b, 

[The proof is left to the student] 

278. Def. If in a line AB, or its prolongation, a point C 
be taken, AC and BC are called segments of the line. 

279. The segments are internal or external ones, according as 
C lies in AB or in the prolongation of AB, 

PROPORTIONAL LINES 
Proposition XIII. Theorem 

280. A line parallel to one side of a triangle divides 
the other tivo sides proportionally. 



B c 

Hyp. A ABC, and DE parallel to BC. 

To prove AD : DB = AE : EC 

Proof. Case I. AD and DB are commensurable. 
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Let wi be a common measure contained in AD five times and 
in DB three times. 

AD^5 
DB 3 



Then 



Through the points of division of AB draw parallels to BC, 
These lines divide AE into five parts and EO into three parts, 
all being equal. (144) 

Whence ^=3. 

AD AE /A ^x 

''DB^EC' (^^-^^ ^"- 

Case II. AD and DB are 

incommensurable. 

Divide AD into any number 
of equal parts, and apply one of 
those parts to DB as often as 
possible. 

As the lines AD and DB are 
incommensurable, there must be 
a remainder, B'B, less than one ^l 
of the equal parts. 

Draw jB'^ parallel to BC, 

The lines AD and DB' are commensurable. 
AD^AE 
' ' DB' EC' 

By increasing the number of parts into which AD is divided, 
we can diminish the length of these parts, and therefore the 
length of B'B indefinitely. 

Hence DB' approaches DB as a limit, and EC approaches 
EC as a limit. 

The variables -;^, and -=r^ , being always equals, must have 




DB' 



equal limits. 
Whence 



AD _ 
DB' 



AE 
EC 



aE.D. 
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281. Scholium. If the transversal intersects two sides of 
the triangle, these sides are divided internally, if it meets their 
prolongations, the sides are divided externally in the same 
ratio. 

282. CoR. If a line parallel to one side of a triangle inter- 
sects the other two sides, either side is to one of its segments 
as the other side is to its corresponding segment 

For AD:DB=zAE: EC. 

By composition 

AD-^DB:DB = AE-\- EC: EC, 

or AB:DB = AC:EC. 



Ex. 531. In the diagram for Prop. XIII, if AD -4, i>B = 8, 
AH = 3, find EC. 

Ex. 532. In the same diagram, find DB, if AD = a, AE = &, and 
EC=c. 

Ex. 533. In the same diagram, find AE, if AB = 12, AD = 8, and 
AC =9. 

Ex. 534. In the same diagram, find EC, it AB = m, AD = n, and 
AC = p. 

Ex. 535. In the same diagram, find AD, if AD = EC, DB = 4, and 
AE = 9. 

Ex. 536. In the same diagram, find AE, if AE = 2 DB, AD = 10, and 
EC=^. 

Ex. 537. Three or more parallels make proportional segments on the 
sides of an angle. 

Ex. 538. In the diagram for Prop. XIII, Case II, find B'B if AD = 3, 
^^ = 4, and 0'0=1. 

Ex. 539. In the same diagram find EC ' if AD = 4, DB = 3, AE = 8, 
and(7'C=l. 

Ex. 540. Three or more parallels make proportional segments on any 
two transversals. 

Ex. 541. If in the diagram for Prop. XIII, AD = 2, DB = 3, AE = 4, 
and EC = 4, is DE parallel to BC? 
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Proposition XIV. Problem 

283. To find the fourth proportional to three given 
lines. 



mh- 



Given. Three lines m, n, and p. 

Required. The fourth proportional to m, n, and />. 

Construction. Draw any angle KAH, 
On AK^ make AB = m, BG = n ; on AHy make AD = p. 
Draw BD. 

Through C, draw a line parallel to J5Z>, meeting ^^ in E, 
DE is the required fourth proportional. 

[The proof is left to the student.] 



Ex. 542. Find the third proportional to two given lines. 

Ex. 643. If a, &, and c are given lines, construct a line z, so that 

o : 6 = a; : c. 

he 
Ex. 544. If a, &, and c are given lines, construct a line equal to — 
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Proposition XV. Problem 

284. To divide a given line into segments proportional 
to any number of given lines. 



A^ 



-»B 



pt- 




Given. Lines AB, m, n, and p. 

Required. To divide AB into segments proportional to m, 
n, and p. 

Construction. At any angle with AB draw AC. 

On AC, cut off AD =^ m, DE ^ n, EF = p. 

Draw FB. 

Through E and D draw parallels to BF, intersecting AB in 
H and 6J^, respectively. 

Then AB is divided as required. 

[The proof is left to the student.] 

285. Def. a line is said to be divided harmonically if it is 
divided internally and externally in the same ratio. 



Ex. 546. To divide a given line externally into segments proportional 
to two other given lines. 

Ex. 546. To divide a given line AB harmonically in the ratio of two 
given lines m and n. 
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Ex. 647. If a line AB\^ divided harmonically by two points, C and 2>, 
then CD is divided harmonically by A and B. 

Ex. 548. Construct two lines when their sum and their ratio is given. 

Ex. 549. Construct two lines when their difference and their ratio is 
given. 

Ex. 550. In a given line, AB^ to find a point, C, so that 
AB:AC=m:n, 
when tn and n are two given lines. 

Proposition XVI. Theorem 

286. If a line divides two sides of a triangle propor- 
tionaUyj it is parallel to the third side. 




Hyp. In AAECyAB:BC=AD:DE. 

To prove, DB parallel to EC. 

Proof. Through C, draw CE' parallel to BD meeting AE 

in E\ 

ABiBC^ADiDE. (Hyp.) 



AB:BC=AD:DE'. 


(280) 


.: DE = DE'. 


(263) 


. GE and CE^ coincide. 




.-. BD II CE. 


a.E.D. 



Ex. 551. In the diagram for Prop. XVI, if AB = 12, BC = 16, AD = 15, 
DE = 20, isBDWCE? 

Ex. 552. Demonstrate that there is oniy one point that divides a given 
line internally in a given ratio. 
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Proposition XVII. Theorem 

287. The bisector of an angle of a triangle divides 
the opposite side into segments having the same ratio 
OS the other two sides. 



E*s 



\ \ 




Hyp. In A ABC, BD bisects Z ABC. 

To prove ABiBC = AD: DC. 

Proof. Draw AE II DBy to meet CB produced in E. 

ZE = Z CBD. (89) 

Z CBD = Z ABD. (Hyp.) 

ZABD = ZEAB. (87) 

.\ ZE^ZEAB. (Ax. 1.) 

••. AB = BE. (103) 

But EB : BC=AD: DC. (280) 

.-. AB:BC=AD: DC « ^ °- 



Ex. 653. In the diagram for Prop. XVII, find DC, if AB = S,BC = 4, 
and AD = 2. 

Ex. 654. In the same diagram, find DC, if AB = 4, BC = 5, and 
AC = Q, 

Ex. 565. In the same diagram, find AD, if AB = m, BC = n, and 
DC = p. 

Ex. 656. In the same diagram, find AD and DC, if BC = a, C^ = h, 
and JLB = c. 
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Ex. 657. In the same diagram find AB, if AB = DC^ AD = 4, and 
BO =16. 

Ex. 558. In the same diagram find AB, if AB = DC, AD = w, and 
BC = n. 

Ex. 559. To divide one side of a triangle into segments proportional to 
the other two sides. 

Ex. 560. State and prove the converse of Prop. XVII. 

Proposition XVIII. Theorem 

288. The bisector of an exterior angle of a triangle 
divides the opposite side externally into segments which 
are proportional to the other two sides. 



D A c 

Hyp. In A ABCy BD bisects the exterior Z ABF. 

To prove AB:BC=AD: Da 

Hint. — The proof is identical with the proof of Prop. XVII, excepting 
that A BE A and FBD must be substituted for A E and DBC, 



Ex. 561. The bisectors of an interior and an adjacent exterior angle 
of a triangle divide the opposite side harmonically. 

Ex. 562. U in the diagram for Prop. XVIII BA = S,BC= 4, AC = 6, 
find DA. 

Ex. 563. In the same diagram find DA, if DA = BC, BA = 4, and 
Z>C=9. 

Ex. 564. In the same diagram find DC, if BC = a, AC=h, and 
AB = c. 

Ex. 665. State and prove the converse of Prop. XVIII. 
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SIMILAR POLYGONS 

289. Def. Two polygons are similar if they are mutually 
equiangular and have their homologous sides proportional. 
Thus, polygons ABODE and A'B'CD'E' are similar, if, 

(1) ZA=:ZA', ZB=Z B\ etc. 

and (2) ^ = -M = ^,etc. 

^ ^ AB^ B'C CD'' 



Proposition XIX. Theorem 

290. Triangles which are mutually equiangular are 

similar. 

A A 




B G 

Hyp. In A ABC and A'B'O, 

Z^ = Z^', ZB = ZB\ andZO=ZC. 
Tojyrove AABC^AA'B'C 

Proof. Place AA'B^C upon A ABC so that ZA' coincides 
with ZA, Then B' will fall on some point D and (7 on a 
point E. 

Since ZADE^ZB, (Hyp.) 

DEWBC, (83) 

.-. ABiAD^ AC: AE, (282) 

or ABiA'B' = AC:A'a. 
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In a similar manner it may be shown that 

.\AABC and A'B'C have their homologous sides pro- 
portional, and are similar. aE.D. 

291. Cor. 1. Two triangles are similar if two angles of the 
one are respectively equal to two angles of the other. 

292. Cor. 2. Two right triangles are similar if an acute 
angle of the one is equal to an acute angle of the other. 



Ex. 566. Two isosceles triangles are similar if an angle of the one is 
equal to the homologous angle of the other. 

Ex. 567. If two chords AB and CD intersect in E, the triangle AEC 
is similar to the triangle BED. 

Ex. 568. If from a point A, without a circle, two secants are drawn to 
meet the circumference in B and C, and D and E respectively, the 
triangle ABE is similar to the triangle ACD. 

Ex. 569. The sides of a polygon are 3, 4, 5, 6, and 7. Find the sides 
of a similar polygon if the side corresponding with 3 equals 15. 

Ex. 570. The sides of a triangle are a, h, and c. Find the sides of a 
similar triangle if the side corresponding with a is equal to tn. 

Ex. 571. If the altitudes AD and BE of the triangle ABC intersect in 
F, the triangle AFE is similar to the triangle BFD. 

Ex. 572. If the bisector AD of the inscribed triangle ABC be pro- 
duced to meet the circumference in E, the triangle ABD is similar to the 
triangle AEC. 



Eemark. — Similar triangles are the usual means of 
proving that lines are proportional. To prove, therefore, that 
four lines are proportional. 

(1) Select two triangles so that each contains two of the given 
lines, (It is advisable to mark the lines as indicated in Ex. 408.) 

(2) Prove the similarity of the two triangles. (If triangles are 
not similar select another pair.) 

(3) Derive the proportion. 

(4) (Apply alternation and inversion, if necessary.) 
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Ex. 673. If in the triangle ABC the altitudes AD and BE be drawn, 
prove that AC : BC = DC : EC. 

Ex. 674. In the same diagram, if AD and BE meet in F, prove 
BF : FA = DF : FE. 

Ex. 575. If from the vertex A of an inscribed triangle ABC the 
altitude AD and the diameter AF be drawn, then -4B : AD = AF: AC. 

Ex. 576. If from a point without a circle a tangent and a secant be 
drawn, the tangent is the mean proportional between the secant and its 
exterior segment. 

Ex. 577. If a diameter AB be produced to C, at C a perpendicular be 
erected, and through £ a line be drawn to meet the circumference and 
the perpendicular in D and E, respectively, then AB : BE = DB : BC. 

Ex. 578. In similar triangles homologous bisectors have the same ratio 
as any two homologous sides. 

Ex. 579. In similar triangles homologous altitudes have the same ratio 
as any two homologous sides. 

Ex. 580. If two circles are tangent internally, chords of the greater 
circle drawn from the point of contact are divided proportionally. 

Ex. 581. The diagonals of a trapezoid divide each other proportionally. 

Ex. 582. If in a right triangle ABC the altitude AD be drawn upon 
the hypotenuse, AD : AB — AC.BC. 

Ex. 583. In the same diagram, AD : AB = DC : AC. 

Ex. 584. In similar triangles the radii of the inscribed circles have the 
same ratio as any two homologous sides. 

294. Remark. — To prove that the product of two lines equals 
the product of two other lines, use the method of (293), and take 
the products of the means and extremes of the resulting proportion. 



EiX. 585. If two chords intersect within a circumference, the product 
of the segments of one is equal to the product of the segments of the other. 

Ex. 586. If from any point E in the chord AB the perpendicular 
EC be drawn upon the diameter AD^ then 

ACx AD = ABx AE. 
Ex. 587. In the diagram for Prop. XIII, prove that 

ADx BC^ABx DE. 

Ex. 588. The product of two arms of a right triangle is equal to the 
product of the hypotenuse and the altitude upon the hypotenuse. 
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Ex. 589. The product of any altitude of a triangle «and its correspond- 
ing side is equal to the product of any other altitude and its corresponding 
side. 

Ex. 590. If in the triangle ABC the altitudes AD and BE meet in 
F, then BD x DC = DF x AD. 

Ex. 591. In the same diagram, 

BDx AC=BFxAD. 

Ex. 592. If AB is a diameter, BD the tangent at B, and DA meets the 
circumference in E, then 

Aff = AEx AD. 

Ex. 593. In the same diagram, 



Ex. 594. If in an arm AB of an isosceles triangle ABC a point D be 
taken so that CD equals the base, CB, then 

Cff = BDx BA. 

Proposition XX. Theorem 

296. Two triangles are similar if an angle of the 
one is equal to an angle of the other, and the sides in- 
cluding this angle are proportional. 




C B 

Hyp. In A ABO and A'B'C, 

ZA = ZA', and AB : A'B' = AC: A'C\ 

To prove A ABC ^AA 'B'C 

: Hint. —Place ^A^B'C^ upon AABCy so that A' coincides with Ay 
and prove that C'-B' will become 11 CB. 
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Ex. 595. Two isosceles triangles are similar if their vertical angles are 
equal. 

Ex. 596. In similar triangles, homologous medians have the same ratio 
as any two homologous sides. 

Ex. 597. Two triangles, ABC and A^B'C, are similar if altitude 
AD : altitude A'D' = BC : B'C, and Z 5 = Z B'. 

Ex. 598. In similar triangles, the radii of the circumscribed circles have 
the same ratio as any two homologous sides. 

Proposition XXI. Theorem 
296. Two triangles are similar if their homologous 
sides are proportional. 




Hyp. In A ABC and A'B'C, A^ = .^ = A!^. 

To prove A ABC^A A'B'C. 

Proof. On AC and AB respectively, lay off AD = A'C and 
AE = A'B', and draw BE, 

Then AADE^AACB. (295) 

r.AC:AD=CB:ED, 
(horn, sides o/ '^ A), 
but AC:A'a=:BC:B'C. (Hyp.) 

.-. since AD = A'C, 

DE = B'C. (263) 

.'.AA'B'C' = AADE, 

(«. S. 8, = 8. 8, «.). 

But A ADE has been proven similar to A ABO. 

.'.AA'B'C'^AABC. q.e.d 
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Ex. 599. Two triangles are similar if two sides and the median to one 
of tiiese sides of one are proportional to the homologous parts of the other 
triangle. 

* Ex. 600. Two triangles are similar if two sides and the radius of the 
circumscribed circle of the one are proportional to the homologous parts 
of the other. 

* Ex. 601. Two right triangles are similar if the hypotenuse and an arm 
of one triangle are proportional to the hypotenuse and an arm of the 
other. 

Proposition XXII. Theorem 

297. Two triangles are similar if the sides of the one 
are respectively parallel to the sides of the other. 




Hyp. The A ABC and AE'C, having AB II AB\ AC II A'Cy 
and EC II B'O. 

To prove A ABC ^ A A'B^C, 

Proof. A A and^' are either equal or supplementary. (91) 
In like manner, A B and B' and C and C are either equal 
or supplementary. 

Hence, one of the following possibilities must be true : 

(1) The three homologous angles are supplementary, 

i.e. ZA-{'ZA'=2Tt. A, Z 5+Z B'=2 rt. A, Z C+Z C"=2 rt. A. 

(2) Two angles are supplementary, one is equal to the 
homologous one, 

e.g. ZA'hZA = 2TtA,ZB + ZB' = 2Tt.AfZC=Za. 
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(3) Two angles are equal, one is supplementary to the 
homologous ones, 

e.g. ZA-{'ZA'=:2TtA,ZB=:ZB\ZC=ZC. 

(4) The angles are respectively equal, 

le. ZA = ZA',ZB = ZB',ZC = ZC. 

The first two statements cannot be true, for the sum of the 
angles of the two triangles would exceed four right angles. 

Therefore, two angles of one triangle are equal to two angles 
of the other. 

.-. AABC'^AA'B'O. Q.E.D. 



Ex. 602. Two triangles are similar if the sides of one are respectively 
perpendicular to the sides of the other. 

Ex. 603. If in the diagram for Prop. XXII BB' and CC be drawn, 
BB^ is divided in the ratio AB to A'B'. 

Ex. 604. In the same diagram, the lines joining corresponding vertices 
meet in a point. 

Proposition XXIII. Theorem * 

298. If two triangles are similar, homologous alti- 
tudes have the same ratio as any two homx)logous 
sides. 





Hyp. AD and AU are the homologous altitudes of the 
similar triangles ABC and AB*C 

To prove AD : AD' = AB : AB\ 

HiKT. — What is the means of proving that four lines are proportional ? 
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299. Scholium. In general, it can be proved that any two 
homologous lines of two similar triangles have the same ratio 
as any two homologous sides. 

Ex. 605. The base of a triangle is 2 ft. and the altitude 9 in. If the 
homologous base of a similar triangle is 6 in., find the homologous 
altitude. 

300. Eemark. — To prove the proportionality of four lines 
which do not form similar triangles, find a third ratio equal to 
each of the given ones. 

Proposition XXIV. Theorem 

301. If two parallel lines are cut by three or more 
transversals passing through a common point, the 
corresponding segm&nts are proportional. 



D' C' B' A' 





C D 



Hyp. The transversals OA, OB, OC, and OD intersect the 
parallel lines AD and A'D' in A, B, (7, D, and A, B\ C", i)', 
respectively. 

AB BO CD 



To prove 



A'B' BO CD' 



Hint. — Which method for demonstrating the proportionality of the 
first four lines must be applied ? Why ? 

( — — is the third ratio, j 
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Ex. 606. In the diagram for Prop. XXIV, if AB = B'a, A'B' = 4, 
and BC = 9j what is the value of AB ? 

*Ex. 607. If in a parallelogram ABCD from A a line be drawn 
intersecting the diagonal in E^ and the sides (produced, if necessary) in 
F and G^ AE is the mean proportional between FE and GE. 

Proposition XXV. Theorem 

302. If three or more non-parallel transversals inter- 
cept proportional segments on two parallel lineSj they 
intersect in a coTnmon point. 




Hyp. AA\ BB\ and CO intersect the parallels AC and ^'C, 

so that 

AB:AB'=^BC:B'a. 

To prove AA\ BB', and CO intersect in a common point. 

Proof. Let AA' and BB' intersect in 0. 

Draw OC, and suppose that its prolongation meets ^Cin E. 

Then AB : A'B' = BC: B'C (Hyp.) 

AB : A'B' = BE : B'C. (301) 

.-. BE = BC, (263) 

or E coincides with C 

.'. OC coincides with 0(7, 

or CCy produced, passes through 0. ^^•°- 
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Ex. 608. Given two lines, AB and CD, and point E, Without pro- 
ducing AB and CD to their point of intersection, to draw a line XY 
through E^ so that AB^ CD, and XY would meet in a common ^point. 

Ex. 609. If the sides of two triangles are respectively parallel, the 
lines joining their homologous vertices meet in a point. 

Ex. 610. Two polygons are similar if their homologous sides are 
parallel and the lines joining their homologous vertices meet in a point. 

Proposition XXVI. Theorem 

303. Tioo similar polygons may be divided into the 
same number of similar triangles similar each to each 
and similarly placed. 





A 

E 

Hyp. Polygon ABODE ^ polygon A'B'CD'E', 
To prove A ABC -- A A'B'C, 

AACD^AA'CD^ete. 
Proof. Since the polygons are similar, 

AB BC _^ y « y «r 



Hence 



A'B'~B'a ~ ' 




AABC-^AA'B'C, 


(295) 


Z BCD = Z B'CD', 


(Hyp.) 


Z1 = Z2, 




{homol. Aof~6i). 




.•.Z3 = Z^ 


(Ax. 3.) 
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Since the polygons are similar, and A ABC ^ A A' B'C, 
BC CD 



B'C CD'' 






BC AC 
B'C A'C 






. CD AC 

' ' CD' A'C 




(Ax. 1.) 


.-. A ACD ~ A A'CD'. 




(295) 


like manner, A ADE and A'D'E' are 


similar. 


Q.E.D. 



Proposition XXVII. Theorem 

304. Two polygons are similar if they are composed 
of the same number of triangles^ similar each to eachy 
and similarly placed. 




^ 



E' D 

E D 

Hyp. In the polygons ABCDE and A'B'C'D'E', 

AABEr^AA'B'E', 

ABCE^AB'C'E', 

A CDE ^ A C'D'E'. 
To pi'ove polygon ABCDE ^ polygon A'B'CD'E'. 

Hint. — The polygons are mutually equiangular by Axiom 2. 

The ratio of any pair of homologous sides is equal to the ratio of the 
next pair, for either ratio is equal to the ratio of the inpluded homologous 
diagoni^l9. 
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Proposition XXVIII. Problem 

306. To construct a polygon similar to a given 
polygon upon a line homologous to a side of the 
given polygon. 



E 






D 


A 




y' 


'\ 


/ 






\ 


ly 






... \ 




Given. Polygon, ABODE, and line, AB\ 

Hint. — Draw AD and AC and make corresponding A equal. 

Proposition XXIX. Theorem 
306. The perimeters of tioo similar polygons are to 
each other as any two homologous sides. 





E E' 

Hyp. P and P* are the perimeters of the similar polygons, 
ABODE and A'BVD'E', respectively. 

To prove P: F = AB: A'B\ 

Hint. — AB : A'B' = BC:B'C'=CD: CD' = DE : D'E^ = EA : E'A' 

Apply (273). 
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Ex. 611. The sides of a polygon are 4, 5, 6, 7, and 8, respectively. 
Find the perimeter of a similar polygon, if the side corresponding to 5 is 7. 

Ex. 612. The perimeters of two similar polygons are 20 and 25 in., 
respectively. If a side of the first polygon is four inches, find the homolo- 
gous side of the second polygon. 

Proposition XXX. Theorem 

307. In a right triangle^ the altitude upon the hypote- 
nuse is the mean proportional betiveen the segments of 
the hypotenuse, and either arm is the mean proportional 
between the hypotenuse and the adjacent segment. 




A D c 

Hyp. In the rt. A ABC, BD is the altitude upon the hypote- 



(Why?) 
(Why ?) 



Q.E.D. 

308. Cor. The perpendicular from any point in the circum- 
ference upon the diameter is the mean proportional between 
the segments of the diameter; and the chord joining the point 
to either extremity is the mean proportional between the 
diameter and the adjacent segment. 



nuse AC. 




To prove 


(1) AD:DB = DB:DC 




(2) AD:AB= AB: AC 


Hint. 


AABD'^AABC. 




ACBD'^AABC. 




:. AABD'^ACBD. 




.-. AD:DB=zDB: DC, 


and 


AD:AB = AB:Aa 



Ex. 613. In the diagram for Prop. XXX, if AD = 4 and .4(7 = 9, what 
is the value of AB ? 

L 
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Proposition XXXI. Problem 

309. To construct the mean proportional between two 
given lines. 




Given. Lines m and n. 

Required. The mean proportional between m and n. 

Construction I. Draw AB = m, and produce AB to C so 
that BC = n. 

On AC as a diameter, describe a semicircle. 

At By erect a perpendicular upon AC, meeting the circumfer- 
ence in Z). 

BD is the required mean proportional. 

[The proof is left to the student.] 

Construction II. Draw AB = n. 

On AB as a diameter, describe a semi- 
circle. 

On AB, lay off AC = m. 

Draw CEJLAB. Join ^^. 

-4^ is the required mean proportional. 

[The proof is left to the student.] 




Ex. 614. If a and h are given lines, construct Vab, 

Ex. 615. Construct V6a6, if a and & are two given lines. 

Ex. 616. Construct a line equal to a V2, if a is a given line. 

(Hint, a \/2 = V(2a).a.) 
Ex. 617. Construct a line equal to a V5, if a is a given line. 
Ex. 618. Construct a line equal to a V|, if a is a given line. 
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Proposition XXXII. Theorem 

310. The sum of the squares of the arms of a right 
triangle is equal to the square of the hypotenuse. 



AD c 

Hyp. ABC is a rt. A, having its rt. Z at B, 
To prove aS + BC^ = Mf, 

Proof. Draw BDJlAC. 

AD:AB = AB:Aa (307) 

Aff = ADx AC. (262) 

Similarly W = DC x AC. 

By adding AB" -\-BC^ = AC(An -h DC), 

or A^-{-BC' = AC\ ^^.d. 

311. Cor. The square of either arm of a right triangle is 
equal to the square of the hypotenuse, diminished by the 
square of the other arm. 



Ex. 619. Find the hypotenuse of a right triangle, whose arms are 1 ft. 
and 6 in. respectively. 

Ex. 620. The hypotenuse of a right triangle is 25, one arm equals 20, 
find the other arm. 

Ex. 621. Find the altitude of an equilateral triangle whose side is equal 
to 8 in. 

Ex. 622. Find the altitude of an equilateral triangle whose side is equal 
to a. 

Ex. 623. Find the altitude of an isosceles triangle whose base equals 8 
and whose arm equals 5. 

Ex. 624. If the hypotenuse of an isosceles right triangle equals 8 in., 
what is the length of an arm ? 
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Ex. 625. The squares of the two arms of a right triangle have the same 
ratio as the adjacent segments of the hypotenuse. 

Ex. 626. If AD is an altitude of a triangle ABC, 
Ai? - AC^ = B& - U^. 

Ex. 627. If the diagonals of a quadrilateral are perpendicular to each 
other, then the sum of the squares of two opposite sides is equal to the sum 
of the squares of the other two. 

Ex. 628. If the square of one side of a triangle is equal to the sum of 
the squares of the other two sides, the triangle is a right triangle. 

* Ex. 629. If the square of one side of a triangle is greater than the sum 
of the squares of the other two, the triangle is obtuse. 

* Ex. 630. If from a point A 
two equal tangents AB and AC, 
are drawn to two circles O and 
O', and AD is perpendicular to 
00^, then 

off - off = O]? - Wc^. 

* Ex. 631. Conversely, if, in 
the same diagram, D be taken so 
that 

off - off = Off- O^, 
then the tangents drawn from 
any point in the perpendicular, AD, to the circles are equal. 




Proposition XXXIII. Theorem 

312. If two chords intersect within a circle^ the prod- 
uct of the segments of one is equal to the product of 
the segments of the other. 
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Hyp. The chords AB and CD meet in E. 
To prove AE x EB = CE x ED, 

Hint. — What is the means of proving that the product of two lines is 
equal to the product of two other lines ? 



Ex.632. In the diagram for Prop. XXXIII, if AE = S, EB = 4, 
ED = 6, find CE, 

Ex. 633. In the same diagram, if AE=a, EB=b, and ED=c, find CE, 

Ex. 634. In the same diagram, if AE = 4, EB = 9, and CE = ED, 
find ED. 

Ex. 635. If the prolongations of two chords meet without a circle, is 
Prop. XXXlll correct for the external segments of the chords ? 

Ex. 636. If two lines AB and CD intersect in E so that 

AE X EB= CEx ED, 

then A, B, C, and D are coney clic. (See Ex. 386.) 

Proposition XXXIV. Theorem 

313. If^ from a point without a circle, two secants 
are drawn, the pfoduct of one secant and its external 
segment is equal to the product of the other and its 
external segment. 




Hyp. Two secants AC and AE cut the circle in B, (7, and 
X>, Ef respectively. 

To prove ACxAB = AE x AD. 

[The proof is left to the student.] 
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Ex. 637. If, in the diagram for Prop. XXXIV, CB = 16, BA = 2, 
Z> Jl = 4 find DE, 

Ex. 638. If, in the same diagram, AE should revolve about A, until 
AE becomes a tangent, what would AB x ^C be equal to. 

Proposition XXXV. Theorem 

314. If^ from a point loithout a circle^ a tangent 
and a secant he dfawn^ the tangent is the Tnean pro- 
portional between the secant and its external segment. 




Hyp. The tangent AB touches the QBDC in B, and the 
secant AD cuts the circle in C and Z>. 

To prove AD:AB = AB:AC. 

[The proof is left to the student.] 

Ex. 639. If, in the diagram for Prop. XXXV, DC = 6, AC = 4, find 
AB. 

Ex. 640. Construct the mean proportional between two given lines by 
means of Prop. XXXV. 

Ex. 641. Tangents to two intersecting circles, drawn from any point 
in the common chord produced, are equal. 

Ex. 642. If the diameter of the earth is equal to 8000 mi., how far can 
you see from a lighthouse 100 ft. high ? 

Ex. 643. If two circles are tangent externally and from any point in 
the common tangent secants are drawn to the two circles, the products 
of the secants and their external segments will be equal. 

* Ex. 644. To construct a circle passing through two given points and 
touching a given line. 
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315. Def. a straight line is said to be divided into ex- 
treme and mean ratio, when it is divided into two segments, 
such that the greater is the mean proportional between the smaller 
and the whole line. 

Thus, AB is divided by (7 in ^ c B 

extreme and mean ratio, if ^ * 

AB:AC=AC:CB. 

Proposition XXXVI. Problem 

316. To divide a line in extreme and mean ratio. 




A 

Given. Line AB, 

Required. To divide AB in extreme and mean ratio. 

Construction. At B, draw BC = \ AB and _L to AB, 
From (7 as a center, with a radius CB, describe a circumfer- 
ence. 

Draw AG meeting the circumference in D and E, 
On AB, lay o^AF^ AD, 
Then AB is divided as required. 

Proof. AE : AB^AB-, AD, 

AE - AB, AB= AB - AD ', AD, (271) 

But AB = DE and AD = AF, 

,', AF:AB = FB:AF, 
or AB:AF=AF:FB, q.e o 

317. Def. The projection of a point upon a line is the foot 
of the perpendicular from the point to the line. 
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318. Def. The projection of one line upon another is the 

length between the projections of the extremities of the first 
line upon the second. 



Ex. 645. If the side of an equilateral triangle equals 10 in., what is 
the length of the projection of one side upon another ? 

Ex. 646. Find the projection of AB upon a line XY, if AB and XY 
include an angle of 45°, and AB — 2. 

Ex. 647. Find the projection of AB upon XF, if AB = to, and the 
two lines include an angle of 60°. 

319. Note. — Aabc denotes a triangle whose sides are a, 6, and c. 
The other notations used in the following Propositions are in accordance 
with (230). 

Proposition XXXVII. Theorem 

320. In any triangle, the square of a side opposite 
an acute angle is equal to the sum of the squares of the 
other two sides diminished by twice the product of one 
of those sides and the projection of the other side upon 
it. I 





Hyp. In A dbc, p is the projection of b upon c, and the 
angle opposite a is an acute angle. 
To prove d^=h^ -\- <? — 2 cp. 

Proof. Denote the perpendicular upon c by h. 
In the figure on the left 

a' = h'-\-(c^py, 
but h' = b'- p\ 
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[To be completed by the student.] 
Similarly for Fig. II. 

321. Remark. The equation, a* = 6* + c* — 2cp, contains 
four quantities. Therefore any one of them may be found by 
algebraical methods if the other three are given. (Similarly in 
the following propositions.) 



Ex. 648. The sides of a triangle are 13, 14, and 15. Find the projec- 
tion of 13 upon 14. 

Proposition XXXVIII. Theorem 

322. In any obtuse triangle^ the square of the side 
opposite the obtuse angle is equal to the sum of the 
squares of the other two sides, increased by twice the 
product of one of these sides and the projection of 
the other side upon it. 

c 



Hyp. In Aa6c, p is the projection of h upon c, and the 
angle opposite a is obtuse. 

To prove a* = 6^ -|- c* + 2cp. 

Proof. d?=^h^-\-{c+p)\ 

but h^ = b^-p\ 

.-. a»=? 

[To be completed by the student.] 
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Ex. 649. If two sides of a triangle equal 15 and 25, respectively, and 
the projection of 15 upon 25 equals 9, what is the value of the third side. 

Ex. 650. Two sides of a triangle are 16 and 12 inches, respectively, 
and include an angle of 60°. Find the third side. 

Ex. 651. Two sides of a triangle are 20 and 30, respectively, and 
include an angle of 45°. Find the third side. 

323. Scholium. If we consider a projection of one side of 
a triangle upon another as positive when the projection lies on 
that line, but as negative when it lies on the prolongation, 
Props. XXXVIII and XXX become special cases of Prop. 
XXXVII, and we have always : 

To compute the projections of sides of a triangle whose angles 
are not known, always apply this equation. If the result is 
negative, the triangle is obtuse. 

324. Cor. 1. In A abc, if p^ denotes the projection of b 

upon c, 

2,2 _|- c2 _ a^ 

^«= Tc 

325. Cor. 2. If h^ denotes the altitude upon c. 



[This expression can be simplified by algebraical operations: 

^— ^"l 2c J=(^+ 2c A' 27— j 

^ (2 &c + y + c^ - a')(2 5c - &g - c^ + a') 

4c2 
^ [(6 -|, cY - a^1[a' - (6 ~ cf] 

_ (g -I- ^ + c)(b + c — a)(a - 6 + c)(a + b — c) 
"" 4c2 
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Let a-h& + c = 2 5, i.e. let s denote half the perimeter. 
6 + c — a = 2 (« — a), 
a — 6 + c = 2 (« — 6). 
a + 6 — c = 2 (« — c). 
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or 



2 -| 

^e = - V«(«~a)(s-6)(5-c). 



Ex. 652. In Aabc, a = 20, 6 = 16, and c = 7. Find the projection of b 
upon c. Is the triangle obtuse or acute ? 

Ex. 653. The sides of a triangle are 4, 13, and 15, respectively. Find 
the three altitudes. 

Ex. 654. The sides of a triangle are 13, 14, and 15, respectively. Find 
the three altitudes. 

Proposition XXXIX. Theorem 

326. In any triangle^ the square of one side plus four 
times the square of the corresponding median is equal 
to twice the sum of the squares of the other sides. 

c 




Hyp. In A ABC, m^ is the median to c. 

To prove (? + 4m/ = 2g? -f 2h^. 

Proof. Draw CE ± AB, and suppose E to fall between A 
and Z>. Let DE = q. 
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C 




t2 = 



OP 



«'=m+m'+2£v 



*'=! +-'-KI> 



a2 + 62 = 2f^) +2m2 



2a« + 26^ = c2 + 4m2 



(Ax. 2.) 
(Ax. 6.) Q.E.D. 



327. Cor. In Aabc, if m^ denotes the median drawn to c, 
me = i V 2 a^ + 2 62 _ c2. 



Ex. 655. The sides of a triangle are 9, 10, and 17, respectively. Find 
the three altitudes. 

Ex. 656. The sides of a triangle are 11, 25, and 30, respectively. Find 
the three altitudes. 

Ex. 657. The sides of a triangle are 7, 8, and 9, respectively. Find the 
length of the median to 8. 

Ex. 658. The sides of a triangle are 7, 4, and 9, respectively. Find the 
length of the median to 9. 

Ex. 659. In A abc, a = 8, 6 = 11, and mc = 8i. Find c. 

Ex. 660. In A «6c, a = 28, c = 32, and Wc = 38. Find h. 

Ex. 661. The sides of a triangle are 10, 6, and 9, respectively. Find 
the length of the median to 9. 

Ex. 662. The sides of a triangle are 22^ 20, and 18, respectively. Find 
the length of the median to 18. 

Ex. 663. The sum of the squares of the four sides of a parallelogram is 
equal to the sum of the squares of the diagonals. 
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Proposition XL. Theorem 

328. In any triangle, the product of two sides is equal 
to the square of the bisector of the included angle plus 
the product of the segments of the third side. 




Hyp. In A abc, the bisector t divides c into the segments, 
p and q. 

To prove (ib = f +P5'- 

Proof. Circumscribe a circle about Aa6c. 
Produce the bisector CD to meet the circumference in E, 
Draw EB, and let DE = a?. 



or 



Put 



AACD = Z.ECB. 


(Hyp.) 


/.A = ZE. 


(220) 


AACD-^AEBC. 


(291) 


b'.t + x=t:a, 




ab = t(t + x). 




ab = ^ + tx. 




tx = pq. 


(312) 


.'. ab = e + pq. 


9:^-9 
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329. Cor. e = db-pq. 

By applying (287), it may be proven that 



ac 



be 



or 



t' = db. «^^ 



{b-^cy 

By using the method and notations of (325), we may obtain 

2 



<=- 



a + ft 



Va6 {s — c). 



Find 



Find 



Ex. 664. The sides of a triangle are 18, 9, and 21, respectively, 
the length of the bisector corresponding with 21. 

Ex. 665. The sides of a triangle are 21, 14, and 25, respectively, 
the length of the bisector corresponding with 25. 

Ex. 666. The sides of a triangle are 22, 11, and 21, respectively. Find 
the length of the bisector corresponding with 21. 

Ex. 667. The sides of a triangle are 6, 3, and 7, respectively. Find the 
length of the bisector corresponding with 7. 

Proposition XLI. Theorem 

830. In any triangle the product of two sides is equal 
to the altitude upon the third side, multiplied by the 
diameter of the circumscribed circle. 
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Hyp. d is a diameter of the circle circumscribed about 
A dbc, and h is the altitude upon c. 
To prove db = hd. 

[The proof is left to the student.] 

331. Cor. The diameter of the circumscribed circle of any 
triangle is equal to the product of two sides divided by the 
altitude upon the third side. 

(d=:^ or d= «^^ V 

V h 2\/s(«-a)(s-6)(«-c)/ 

Ex. 668. A ABC is inscribed in a circle of radius = 5 inches. Find 
the altitude to BC if AB = 4, and ^C = 6. 

Ex. 669. The three sides of a triangle are 4, 13, and 15, respectively. 
Find the radius of the circumscribed circle. 

Ex. 670. In Aa6c, a = 20, 6 = 15, and the projection of 6 upon c 
equals 9. Find the radius of the circumscribed circle. 

Ex. 671. In A a&c, a = 9 and b = 12. Find c if the diameter of the 
circumscribed circle equals 16. 

PROBLEMS OF COMPUTATION 

Ex. 672. A straight line AB = 4, is divided externally in the ratio 5 : 4. 
Find the segments. 

Ex. 673. The shadow of a church steeple upon level ground is 60 ft., 
while a pole 10 ft. high casts a shadow 3 ft. long. How high is the 
steeple ? 

Ex. 674. The arms of a right triangle are 8 and 16 respectively. 
Compute the hypotenuse and the altitude upon the hypotenuse. 

Ex. 675. In Aabe, a = 9, 6 = 16, and c = 17. Is the triangle obtuse, 
right, or acute ? 

Ex. 676. The arms of a right triangle are w* — n^ and 2 mn respectively 
Find the hypotenuse. 

Ex. 677. The distance from the center of a chord 14 inches long is 12 
inches. Find the radius of the circle. 

Ex. 678. The distance from the center of a chord 24 inches long is 6 
inches. Find the distance from the center of a chord 10 inches long. 

Ex. 679. In A abc, a = 5, & = 8, and the angle opposite to c equals 60^ 
Find c. 
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Ex. 680. In A dbc, a = 8, & = 16, and the angle opposite to c equals 
60°. Findc. 

Ex. 681. In A dbc^ a = 3, 6 = 5, and the angle opposite to c equals 
120°. Findc. 

Ex. 682. In A a6c, a = 7, 6 = 8, and the angle opposite to c equals 120°. 
Find c. 

Ex. 683. In A ahc, a = 10, 6 = 17, c = 21. Find the altitude upon 10. 

Ex. 684. The line of centers of two circles is equal to 30. Find the 
length of the common chord if the radii are 8 and 26 respectively. 

Ex. 685. The base of an isosceles triangle is 48 inches. Find the 
altitude if each arm equals 50 inches. 

Ex. 686. The diagonal of a square is 20 inches. Find the side. 

Ex. 687. The sides of a rectangle are 16 and 30 respectively. Find 
the diagonal. 

Ex. 688. The diameter AB oi 9i, circle is produced to C, and from C 
a tangent is drawn to the circle. Find the length of the tangent if 
^^ = 30and^C=2. 

Ex. 689. In A ahc^ a = 11, 6 -- 9, and c = 16. Find the median to 16. 

Ex. 690. In A ahc, a = 16, 6=18, and c = 22. Find the median to 6. 

Ex. 691. The base of an isosceles triangle is 4, and the arm 7. Find 
the median to one of the arms. 

Ex. 692. A ladder 17 ft. long reaches a window 15 ft. high. How far 
is the lower end of the ladder from the house ? 

Ex. 693. In A a6c, a = 18, 6 = 23, and c = 9. Find the bisector of the 
angle opposite 6. 

Ex. 694. In A a6c, a = 50, 6 = 32, and c =78. Find the radius of the 
circumscribed circle. 

Ex. 695. The base of an isosceles triangle is 6, and each arm a. Find 
the altitude. 

Ex. 696. The non-parallel sides AB and CD of a trapezoid are pro- 
duced till they meet in E. Find AE and BE if AB = 7 and the bases 
are 5 and 3 respectively. 

Ex. 697. The altitude of a trapezoid is h, the bases a and 6 respec- 
tively. Find the altitudes of the two triangles formed by producing the 
non-parallel sides until they meet. 

Ex. 698. From a point 24 ft. above sea-level the visible horizon has a 
radius of 6 miles. Find the diameter of the earth. 
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♦Ex. 699. In a quadrilateral ABCD AB = 15, BC = 20, CD = 16, 
DA = 18, and ^C = 26. Find the diagonal BD. 

* Ex. 700. Find the greatest segment of a line 10 inches long, when it is 
divided in extreme and mean ratio. 

PROBLEMS OF CONSTRUCTION 

Ex. 701. In a given line AB, to find a point C such that AC-.BC 
= 1 : \/2. 

Ex. 702. To divide a given line into segments proportional to any 
number of given lines by means of Prop. XXIV. 

Ex. 703. Divide any side of a triangle into two parts proportional to 
the other two sides. 

To construct a triangle, having given : (230) 

Ex. 704. a, 6, (6 : c). 

Ex. 705. a, (a : 6), and (a : c). 

Ex. 706. a, 6 + c, and (6 : c). 

Ex.707. A, (b:c),tc. 

Ex. 708. To construct the fourth proportional to three given lines by 
means of Prop. XXXIV. 

Ex. 709. From a given rectangle to cut off a similar rectangle by a 
line parallel to one of its sides. 

Ex. 710. In a given circle, to inscribe a triangle similar to a given 
triangle. 

Ex. 711. About a given circle, to circumscribe a triangle, similar to 
a given triangle. 

Ex. 712. Construct a triangle similar to a given triangle and having 
a given altitude. 

Ex. 713. To inscribe a square in a given triangle. (Ex. 610.) 

Ex. 714. In a given triangle, ABC, to inscribe a parallelogram similar 
to a given parallelogram, so that one side lies in AB, and the other two 
vertices lie in BC and AC respectively. (Ex. 610.) 

Ex. 715. To draw a parallel to one side of a triangle, cutting off 
another triangle of given perimeter. 

Ex. 716. From a point without a circle, to draw a secant whose exter- 
nal segment is equal to one-half the secant. 

Ex. 717. To construct a circle, touching a given circle in a given point, 
and touching a given line. 
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Ex. 718. To construct a circle, touching two parallel lines and passing 
through a given point. 

Ex. 719. About a given circle, to circumscribe a rhombus, having given 
an angle. 

Ex. 720. In a given circle, to inscribe a rectangle, having given the 
ratio of two sides. 

* Ex. 721. To divide a trapezoid into two similar trapezoids by a line 
parallel to the base. 

Ex. 722. In the prolongation of the side AB of the triangle ABC 
to find a point Xsuch that AX x BX= CX^. 

Ex. 723. Through a given point P, to draw a line such that its distances 
from two other given points, B and S, shall have a given ratio. 

♦Ex. 724. Through a given point within a circle, to draw a chord so 
that its segments have a given ratio. 

* Ex. 725. To construct a circle passing through a given point and 
touching two given lines. 

♦Ex. 726. Through a point of intersection of two circles, to draw 
a line forming chords which have a given ratio. 

Ex. 727. To construct two lines, having given their mean proportional 
and their difference. 

THEOREMS 

Ex. 728. If a chord is bisected by another, either segment of the first 
is a mean proportional between the segments of the other. 

Ex. 729. If in the triangle ABC the altitudes BD and AE meet in F, 
and AB = BC, then 

BC:AF=BD:AD. 

Ex. 730. Two triangles are similar if an angle of the one is equal to 
an angle of the other, and the altitudes corresponding with the other 
angles are proportional. 

Ex. 731. If, between two parallel tangents, a third tangent is drawn, 
the radius is the mean proportional between the segments of the third 
tangent. 

Ex. 732. If two circles are tangent externally, and through the point 
of contact a secant is drawn, the chords formed are proportional to the 
radii. 

Ex. 733. If C is the midpoint of the arc AB, and a chord CD meets 
the chord AB in E^ then 

CE:CA= CA.CD, 
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Ex. 734. If two circles intersect, their common chord produced bisects 
the common tangents. 

Ex. 735. If an isosceles triangle is inscribed in a circle, the tangents 
drawn at the vertices form another isosceles triangle. 

Ex. 736. The tangents drawn at the vertices of an inscribed rectangle 
enclose a rhombus. 

Ex. 737. Two parallelograms are similar when they have an angle of 
the one equal to an angle of the other, and the including sides propor- 
tional. 

Ex. 738. Two rectangles 'are similar if two adjacent sides are pro- 
portional. 

Ex. 739. A circumference described upon the arm of an isosceles 
triangle as a diameter bisects the base. 

Ex. 740. Three times the sum of the squares of the sides of a triangle 
is equal to four times the sum of the squares of the medians. 

Ex. 741. If in the parallelogram 

ABCD /.A = 60°, AC^ = A^^ BC^ + ^B x BC, 

Ex. 742. If the altitude upon the hypotenuse of a right triangle di- 
vides the hypotenuse in extreme and mean ratio, the smaller arm is equal 
to the non-adjacent segment of the hypotenuse. 

Ex. 743. If in a triangle the squares of two sides have the same ratio 
as their projections, upon the thii-d side, the triangle is a right triangle. 

Ex. 744. If from a point O, OA, OB, 00^ and OD are drawn so 
that the angle AOB is equal to the angle BOO, and the angle BOD 
equal to a right angle, any line intersecting 0-4, OB, 00, and OD is 
divided harmonically. (287, 288.) 

Ex. 745. The sum of the squares of the four sides of any quadrilateral 
is equal to the sum* of the diagonals plus four times the square of the 
line joining the midpoints of the diagonals. (326.) 

* Ex. 746. If, from a point within the triangle ABC the perpendiculars 
OX, OT, and OZ be drawn upon AB, BC, and CA, respectively, 

AX^ + BY^ +C^ = BX^ ■^YC^ + Z?. 

* Ex. 747. State and prove the converse of the preceding exercise. 

* Ex. 748. If two circles are tangent externally, the common tangent is 
a mean proportional between the diameters. 

Ex. 749. If through a vertex C of triangle ABC a line CE is drawn 
parallel to AB, and any point H in CE is joined to F, the midpoint of 
AB, then FH is divided harmonically hy BC and AC produced. (300.) 



BOOK IV 

AREAS OF POLYGONS 



332. Def. The unit of surface is a square whose side is the 
unit of length, e.g. a square inch, a square metre, etc. 

333. The area of a surface is the number of units of surface 
it contains. 

334. Two figures are equivalent if their areas are equal. 

Proposition I. Theorem 

335. Rectangles having equal altitudes are to ea^ch 
other as their bases. 



D C 2 


y ( 


V 




1 j 

1 1 

1 1 


1 ^ 


: > : 
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A 


? A 


I- 1 


J' 



Hyp. In rectangles ABCD and AB'OD\ altitude AD = 
altitude A'D\ 

To prove A^CD_ = A^. 

Proof. Case T. AB and A'B' are commensurable. 
Let m be a common measure contained in AB 3 times, and in 
A'B' 4 times. 
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[To be completed by the student. Compare (280).] 

IQ* F C 



Case II. AB and ABf are incommensurable. 

Divide AB into any number of equal parts, and lay off one 
of these parts on AB^ as often as possible. 

As AB and A'B' are incommensurable, there must be a 
remainder, EB\ less than one of the equal parts. 

Draw^FX^'F. 

As AB and A^E are commensurable, 

ABCD ^ AB 
A'EFD' A'E 

By increasing the number of parts into which AB is divided, 
we can diminish the length of these parts, and, therefore, the 
length of EB' indefinitely. 

Hence, A'E approaches A'B' as a limit, and A'EFD' 
approaches A'B'CD' as a limit. 

ABCD AB 

The variables , and — -— being always equal, must 

A'EFD' A'E ^ J ^ 9 

have equal limits. 
Whence ^^^^ - ^^ 



A'B'G'D' A'B' aE.D. 

336. Cor. Eectangles having equal bases are to each other 
as their altitudes. 

337. Note. — As a polygon can be measured by the unit of surface 
only, the words *' triangle," ** quadrilateral," etc., are frequently used 
for the area of a triangle, area of a quadrilateral, etc. 



Ex. 750. From a given rectangle, to cut off another rectangle whose 
area is | of the given one. 

Ex. 751. To construct a rectangle, which is to a given one as m . 91, 
when m and n are two given lines. 
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Proposition II. Theorem 



338. The areas of two rectangles are to each other as 
the products of their bases and altitudes. 




R' 




Hyp. Rectangles B and R have the bases h and 5' and 
the altitudes a and a' respectively. 



To prove 



R _ axb 



Proof. Construct the rectangle Q, having the same base as 
R'y and the same altitude as R. 



(335) 







R 


= — • 

6' 






R' 


a 
o' 


Multiplying 


member 


by member, 






R 


o X 6 



K a' X 6' 



Q.E.D 



Ex. 762. Find the ratio of a rectangle 4 by 6 feet, and a squai*e having 
a side of 10 feet. 

Ex. 753. The diagonal of a rectangle is 26 inches long, and one of its 
sides 24 inches. The diagonal of another rectangle is 25 inches long, and 
one of its sides 20 inches. Find the ratio of the areas of the two 
rectangles. 
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Proposition III. Theorem 



339. The area of a rectangle is equal to the product 
of its base and altitude. 




Q 



Hyp. 12 is a rectangle with base b and altitude a. 
To prove area of 22 = a x 6. 

Proof. Let U be the unit of surface. 
R a X b 



Then 



U 1x1 



72 

But -— is the area of 22. 



area of 22 = a x 6. 



(338) 
(333) 

Q.E.D. 



340. Scholium. If the base and altitude of a rectangle are 
expressed by integral numbers, Prop. Ill may be proved by 
dividing the figure into squares. 

Thus, if the base contains 5 and the 
altitude 3 linear units, the figure can 
be divided into fifteen squares, each 
being the unit of surface. 



Ex. 754. A rectangular field is 24 yds. long and 16 yds. wide. Find 
the area. 

Ex. 756. The area of a rectangle is 360 square inches, and its base is 
4 yds. Find the altitude. 
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Proposition IV. Theorem 

841. The area of a parallelogram is equal to the 
product of its base hy its altitude. 

T ;d E o 




A 

Hyp. ABCD is a parallelogram, having the base AB = 6, 
and the altitude BE = h. 

To prove area of ABCD = b xh. 

Proof. Draw AFl. AB, meeting CD produced in F. 

Then ABEF is a rectangle, having its base h and its alti- 

^^^ ^- ABCF = ABCF, 

(identical). 
But AAFD=:ABEC, 

{hy. arm = hy. arm). 
Subtracting member from member, 

area ABCD = area ABEF. 
But area ABEF= b x h. (339) 

.*. area ABCD = b xh, q.e.d. 

342. Cor. 1. Parallelograms having equal bases and equal 
altitudes are equivalent. 

343. Cor. 2. Any two parallelograms are to each other as 
the products of their bases and altitudes. 

344. CoR. 3. Parallelograms having equal bases are to each 
other as their altitudes. 

345. Cor. 4. Parallelograms having equal altitudes are to 
each other as their bases. 
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Ex. 756. Find the area of a parallelogram whose base is 15 inches 
and whose altitude is 2 feet. 

Ex. 757. Two sides of a parallelogram are 16 and 20 respectively, and 
include an angle of 30°. Find the area. 

Ex. 758. The sides of a parallelogram are 5 and 8 respectively, and the 
projection of 5 upon 8 is 3. Find the area. • 

Ex. 759. To divide a parallelogram into three equivalent parts. 

Proposition V. Theorem 

346. TTie area of a triangle is equal to one-kalf the 
product of its hose and altitude. 



A B 

Hyp. In A ABC, the base is 6, and the altitude h. 

To prove area of ABC = 1 6 x ^. 

Proof. Construct the parallelogram ABDC, 
The diagonal of a parallelogram divides it into two equal 
triangles. 

.-. AABC^^OABDC. 

But area ABDC =bxh, 

.'. area ABC = ^b x h, ' q^e.d. 

347. Cor. 1. Triangles having equal bases and equal alti- 
tudes are equivalent. 

348. Cor. 2. Any tv^o triangles are to each other as the 
products of their bases and altitudes. 

349. Cor. 3. Triangles having equal bases are to each other 
as their altitudes. 



170 PLANE GEOMETRY 

350. Cor. 4 . Triangles having equal altitudes are to each 
other as their bases. 

351. Def. To transform a figare means to find another 
figure equivalent to the given one. 



Ex. 760. If A denotes th e area and 2 « the perimeter of A abc, then 
A = V»(« — a)(» — 6)(» — c). 

Ex. 761. To transform a given triangle into another one, having the 
same base. 

Ex. 762. What is the locus of the vertices of all the equivalent tri- 
angles constructed on the same base ? 

Ex. 763. To transform a given triangle into a right triangle. 

Ex. 764. To transform A ABC into an isosceles triangle, having its 
base equal to AB, 

Ex. 765. To transform A ABC into an isosceles triangle, having an 
arm equal to AB, 

Ex. 766. In Exs. 761-765, how many parts of the given triangle are 
not altered by the transformation ? 

Ex. 767. To transform a given triangle into another one, having given 
one side. 

Ex. 768. To transform a given triangle into a right triangle, having the 
hypotenuse equal to one side of the given triangle. 

Ex. 769. To transform a given triangle into another one, having its 
vertical angle equal to a given angle. 

352. Remark. — Cor. 1 of Prop, V is the principal means for 
transformation of figures. Frequently two transformations are 
necessary, 

Ex. 770. To transform A ABC into another triangle, having two of its 
sides respectively equal to two given lines m and n. 

Ex. 771. To transform A ABC into another triangle, having a side 
equal to a given line m, and one adjacent angle equal to a given angle A. 

Ex. 772. To transform a given triangle into a right triangle, having a 
given arm. 
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Ex. 773. To transform A ABC into a right triangle, having the hypote- 
nuse equal to a given line m. 

Ex. 774. To transform A ABC into an isosceles triangle, having the 
base equal to a given line m. 

Ex. 776. To transform A ABC into an isosceles triangle, having an 
arm equal to a given line m, 

Ex. 776. To transform A ABC into a triangle having one side equal 
to a given line m, and the opposite angle equal to a given angle A, 

Ex. 777. To transform a parallelogram into a rectangle. 

Ex. 778. To transform a parallelogram into a rhombus. 

Ex. 779. To transform a parallelogram into another one having a given 
side. 

Ex. 780. To transform a parallelogram into another one containing a 
given angle. 

Ex. 781. To transform a parallelogram into a rectangle, having one 
side equal to a given line. 

Ex. 782. To divide a triangle ABC into three equivalent parts by 
two lines passing through A, 

Ex. 783. To divide a given parallelogram into two equivalent parts by 
a line parallel to the bases. 

Ex. 784. To divide a given parallelogram into two equivalent parts by 
a line perpendicular to the bases. 

Ex. 786. To divide a given parallelogram into two equivalent parts by 
a line parallel to a given line. 

Ex. 786. To transform a given quadrilateral ABCD into another one, 
having three of its vertices in -4, B, and C, respectively. 

Ex. 787. To transform a given quadrilateral into a triangle. 

Ex. 788. To transform A ABC into a triangle containing the angle A^ 
and having one vertex in Z>, if Z> is a given point in ^C 

Hint. — Consider ABCD a quadrilateral, and apply Ex. 787. 

Ex. 789. The diagonals divide a parallelogram into four equivalent 
triangles. 

Ex. 790. Two triangles are equivalent if two sides of the one are re- 
spectively equal to two sides of the other, and the included angles are 
supplementary. 
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Ex. 791. The lines joining the midpoint of a diagonal of a quadri- 
lateral with the opposite vertices divide the figure into two equivalent 
parts. 

Ex. 792. To divide a quadrilateral into three equivalent parts. 

Ex. 793. The area of a triangle is 600 square inches, and the altitude 
is 20 inches. Find the base. 

Ex. 794. Two sides of a triangle are 5 and 8, respectively, and include 
an angle of 30°. Find the area. 

Ex. 795. Find the area of a triangle whose sides are respectively 
(a) 13, 14, 15, (6) 9, 10, 17, (c) 11, 25, 30. 

Ex. 796. To construct a triangle three times as large as a given 
triangle. 

Proposition VI. Problem 

353. To transform a polygon into a triangle. 



F 
Given. Polygon ABODE, 

Required. To construct a triangle equivalent to ABODE, 

Construction. Draw OE, 

Through D, draw DF II OE, meeting AE produced in R 
Then polygon ABOF is =o= to ABODE, and has one less side. 
Continue the process until a triangle is obtained. 

[The proof is left to the student.] 



Ex. 797. To transform a parallelogram into a right triangle. 
Ex. 798. To transform a trapezoid into an isosceles triangle. 
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Proposition VII. Theorem 

354. TTie area of a trapezoid is equal to onerJialf 
the product of its altitude and the sum of its hoses. 




Hyp. Trapezoid ABCD has the bases b and c respectively, 
and the altitude h. 

To prove area ABCD = ^ A (6 -f- c). 

Proof. Draw AC. 

Area ABC = ^h x b. (346) 

Area DCA = J A x c. (346) 

.-. BxeB.ABCD = ih(b-{-c). q.e.d. 



Ex. 799. A line joining the midpoints of the bases of a trapezoid 
divides the trapezoid into two equivalent parts. 

Ex. 800. The bases of a trapezoid are 12 and 8 respectively, and the 
altitude is 6. Find the area. 

Ex. 801. In the diagram for Prop. VII, if 6 = 6, c = 4, BC = 10, 
and ZB = 30°. Find the area. 

Ex. 802. The area of a trapezoid is 200, the bases are 15 and 25 
respectively. Find the altitude. 

Ex. 803. The area of a trapezoid is 30, the altitude is 6, and one base 
is 8. Find the other base. 

Ex. 804. In the diagram for Prop. VII if E, the midpoint of DA, be 
joined to C and B, A CBE is one-half of ABCD. 

Ex. 805. If the three altitudes of a triangle are equal, the triangle is 
equilateral. 
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Proposition VIII. Theorem 

356. The square constructed on the sum of two lines 
is equivalent to the sum of the two squares constructed 
on these lineSy increased hy twice the rectangle of these 
lines. 



G H 


K 


T\ 






F 


kJ 




E 



A B a 

JLj^. Line AC=AB-{- BO, 

To prove the square on -4C=o= to the sum of the squares on 
AB and BC increased by twice the rectangle contained by 
AB and BC. 

Proof. On AC, construct the square ACKO. 

On AG, lay off AD = AB. 

Through B, draw BH II AG, through D, draw Z>2^ll AC. 

The square AK is thus divided into four parts, AE, EK, 
GE, and BF, all of which are rectangles. (Why ?) 

But AE is the square on AB ; (Why ?) 

EK is the square =0= to the square on BC; (Why ?) 

GE is =0= to the rectangle contained by AB and BC; (Why ?) 
and 
BF is =c= to the rectangle contained by AB and BC. (Why ?) 

.-. the square on AC is =0= to the sum of the squares on AB 
and BC, increased by twice the rectangle contained by AB 
and BC. q.e.d. 

356. Scholium. This theorem illustrates geometrically the 
algebraic formula, 
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Proposition IX. Theorem 



857. The square constructed on the difference of two 
lines is equivalent to the sum of the tivo squares con- 
structed on these lines, diminished by twice the rec- 
tangle of these lines. 



d b 



Hint. 

ricaliy 



-Demonstrate that d> is obtained when we constract gepmet- 
a* — a& 4- 6* — ab. 



358. Scholium 1. This theorem illustrates geometrically 
the algebraic formula, 

(a - 6)2 = a^ - 2 a6 -f- b\ 

359. Scholium 2. Any homogeneous equation of the second 
degree can be illustrated geometrically. 



Ex. 806. Prove, geometrically, the algebraic formula, 
a(J) -{- c)= ab -\- ac. 

Ex. 807. Prove, geometrically, the algebraic formula, 
a{b — c)= ab — ac. 

Ex. 808. Prove, geometrically, the algebraic formula, 
(a4-&)(a-6)=a2_62. 

Ex. 809. Prove, geometrically, the algebraic formula, 

(« + 6)2-(a-6)2=4a6. 
Ex. 810. Prove, geometrically, the algebraic formula, 
(a -f 6)(c 4- d)= oc + 6c + ad 4- bd. 
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Proposition X. Problem 

360. To transform a rectangle into a square. 

o 

o F 



B 



— 7^ r^-. 

/ 

/ 

E H A 




D C 

Given. Rectangle ABCD. 

Required. A square =o= to ABCD. 

Construction. • Construct a mean proportional AF between 
AB and AD, The square on AF is the required square. 

Proof. AB.AF^AFiAD, (Con.) 

.-. ABxAD = AF\ (262) 

or area ABCD = area AG. Q^p. 

361. Scholium. The mean proportional may be constructed 
by any of the methods of Book III. The two indicated in 
the diagram, however, are the most useful ones. 



Ex. 811. To transform a parallelogram into a square. 

Ex. 812. To transform a triangle into a parallelogram. 

Ex. 813. To transform a triangle into a square. 

Ex. 814. To transform a pentagon into a square. 

Ex. 815. To construct a square equivalent to one-third of a given 
triangle. 
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Proposition XI. Problem 



362. To construct a sqicare that shall he any given 
part of a given square. 




-F C 

Given. Square AC. 

Required. A square equivalent to f of AG. 
Construction. On AD, lay off AE = ^AD. 
Draw EFJ.AD, and transform rectangle AEFB into a 
square, AH. (360) 

AH is the required square. 

Proof. AH<i=:AF. (Con.) 

AF^^AO. (335) 

.'.AH=o=^AO. aEF. 

363. Scholium. If, instead of f, the ratio — is given, 

where m and n are two given lines, make AE the fourth pro- 
portional to w, m, and AD. 



Ex. 816. To construct a square three times as large as a given square. 

Ex. 817. In a given square ABCD, to construct four squares, all con- 
taining the angle A, and having areas respectively equal to i, j, {, and | 
of ABCD. 

M 
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Ex. 818. In the diagram for Prop. XI, find two lines whose squares 
have the ratio AE : ED. 

Ex. 819. In the same diagram, find a rectangle equivalent to the 
square on GD. 

Ex. 820. In the same diagram, find a square equivalent to the sum of 
the squares on AG and GD. 



Proposition XII. Theorem 

364. In a right triangle the sum of the squares of 
the arms is equivalent to the square of the hypotenuse. 




Hyp. Affand BFsxe squares on the arms, AD the square 
on the hypotenuse of the right triangle ABC. 



To prove 



AD^AH-\-BR 



Proof. From B draw BL II AE, intersecting AC and ED in 
Zand L, respectively. 
Draw BE and KC 

ZHBC=stZ, 



or 



HBC is a straight line. 
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InAAKCsindBAE, 






KA = AB2LndAC=AE. 






ZKAC = ZBAE. 


(Why?) 




.\AKAC==ABAE, 


(Why?) 


But 


Bxe3LAH=2axesLKACy 


(Why?) 


and 


areaJg;/=2areaJ5/l77. 
.*. area AH = area EL 




In like manner, 







area BF = area CL. 
. • . area AH -f- area BF = area AD. aE.o. 

365. Cor. The square of an arm of a right triangle is 
equivalent to the difference ^3etween the squares of the 
hypotenuse and the other arm. 

366. Note. — The above theorem was first demonstrated by Pythag- 
oras about 560 b.c, and is called after him the Pythagorean Theorem. 



Ex. 821. The square on the difference of the arms of a right triangle 
increased by twice the rectangle contained by them, is equivalent to the 
square on the hypotenuse. • 

Ex. 822. The square on the sum of the arms of a right triangle, 
increased by the square on their difference, is equivalent to twice the 
square on the hypotenuse. 



Proposition XIII. Problem 

367. To construct a square equivalent to the sum of 
two given squares. 

[The solution is left to the student.] 
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Proposition XIV. Problem 

368. To construct a square equivalent to the differ- 
ence of two given squares. 

[The solution is left to the student.] 



Ex. 823. In a right triangle, the rectangle contained by the arms is 
equivalent to the rectangle contained by the hypotenuse and the altitude 
upon the hypotenuse. 

Ex. 824. To construct a square equivalent to the sum of three given 
squares. 

Proposition XV. Theorem 

369. TTie areas of two triangles which have an angle 
of the one equal to an angle of the other are to each 
other as the products of the sides including the equal 
angles. 





Hyp. In triangles ABC and AB'G\ /.A = Z.A\ 

To nrove* A ABC ^ ABxAC 

^ AA'B'a A'B'xA'Cr' 

Proof. Draw the altitudes BD and B'D\ 
AABD^AA'B'D'. 
. BD AB 



But 



(Why?) 



" B'D' 


A'B' 




A ABC ACxBD 
AA'B'C A'CxB'iy 


AC BD 
A'C B'D>' 


AC AB 
~ A'C A'B' 


ACxAB 






A'CxA'B' 




« 



aE.a 
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Ex. 826. In the diagram for Prop. XV, if ZA = ZA', AB = 6 in., 
^0=9 in., A'B' = \ ft., ^'C' = 2ft. Find the ratio of A ABC to 
AA'B'C. 

Ex. 826. If A ABC^AA'Bfa, and Z ^ = Z A', then 
AB:A'B' = A'C':Aa 



Proposition XVI. Theorem 

370. Similar triangles are to each other as the squares 
of their homologous sides. 



A 
Hyp. 

To prove 

Proof. 
A ABC 




G A' 

AABC^AA'B'Cr. 
A ABC AB" 




A A'B'C a^i^ 



ABxAC 



AB ^ AC 



AA'B'C A'B'xA'C A'B' A'O 



AB AB 



aE.D. 



Ex. 827. The sides of a triangle are 4, 7, and 8. What are the sides 
of a similar triangle, whose area is four times as large ? 

Ex. 828. Similar triangles are to each other as the squares of homolo- 
gous altitudes. 

Ex. 829. Find the ratio of two similar triangles, two of whose homolo- 
gous sides are 2 and 3 in. respectively. 

Ex. 830. Construct a triangle nine times as large as a given triangle 
and similar to it. 

Ex. 831. The areas of two similar triangles are to each other as 4 : 5. 
Find the ratio of their homologous sides. 
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Proposition XVII. Theorem 

371. Similar polygons are to each other as the squares 
of their homologous sides. 



Hyp. AB and A'B' are homologous sides of two similar 
polygons BE and B^E'y whose areas are S and S' respectively. 



To prove 


s ab" 

S' A'B'' 


Proof. Draw 


AC,AD,A'C,aadA'D'. 


Then 


AABC~AA'B'C. 


Whence 


A ABC AB* 
AA'B'C A'B'' 


Tn liVp. nn{i.Tmftr 


AACD DV AB* 



(Why?) 



AA'C'D' D^' A^^' 
Similarly for A ADE and ADE\ 

. A ABC AACD A ADE AS" 



AA'BV AA'OU AA'D'E' J^^ 

AABC-\-AACD-hAADE ^ AB^ 
A A'B'C + A A' CD' + A A'D'E' jr^' 

S ^ AB^ 



(273) 
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372. Scholium. If a and a' are homologous sides of two 
similar polygons whose areas are S and S' respectively, and K 
represents a constant, such that S = Ka^, then /S" = Ka^, (268) 



Ex. 832. Two homologous sides of two similar polygons are 4 in. and 
3 in. respectively, the area of the greater polygon is 1 sq. ft. What is 
the area of the smaller polygon ? 

Ex. 833. On a map whose scale is 1 : 1,000,000, how many square 
kilometers are represented by a polygon equivalent to 2 sq. cm. ? 

Ex. 834. Two similar parallelograms are to each other as the products 
of their diagonals. 

373. Remark, ^s similar polygons (and triangles) are to 
each other as the squares of their homologous sides, Prop. XI may 
be used to draw a polygon thai shaU he any given part of a given 
polygon, and similar to it. 



Ex. 835. Construct a triangle equivalent to two-sevenths of a given 
triangle, and similar to it. 

Ex. 836. Construct a triangle similar to a given triangle and three 
times as large. 

Ex. 837. To divide a triangle into two equivalent parts by a line 
parallel to one of its sides. 

Ex. 838. To divide a triangle into five equivalent parts by lines parallel 
to one of its sides. 

Ex. 839. Construct a polygon equivalent to three-fifths of a given 
polygon and similar to it. 

Ex. 840. Construct a pentagon equivalent to three times a given penta- 
gon and similar to it. 

Ex. 841. To divide a regular pentagon into two equivalent parts so 
that one part is again a regular pentagon. 

* Ex. 842. To construct two lines having the same ratio as the areas of 
two similar given triangles. 
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Proposition XVIII. Theorem 

374. If similar polygons are comtructed on the three 
sides of a right triangle, the sum of the polygons on 
the arms is equivalent to the polygon on the hypotenuse. 




Hyp. P, Q, and E are the areas of similar polygons con- 
structed, respectively, on the arms a and h and the hypotenuse 
c of the rt. A abc. 

To prove P-^Qz=R. 

Proof. If K denotes a constant number, 
and R = K<?, 

then P=Ka\ (372) 

q = Kh\ 

.-. P ^Q = K{a^ ^h^) = K(? = R, q.e.d. 

375. Cor. If similar polygons are constructed on the three 
sides of a right triangle, the polygon on one arm is equivalent 
to the difference of the polygons on the hypotenuse and the 
other arm. 



Ex. 843. Construct an equilateral triangle equivalent (a) to the sum 
of two given equilateral triangles ; (6) to the difference of two given equi- 
lateral triangles. 
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Proposition XIX. Problem 

876. To construct a polygon similar to two given 
similar polygons and equivalent to their sum. 
[The solution is left to the student.] 

Proposition XX. Problem 

377. To construct a polygon similar to two given 
similar polygons and equivalent to their difference. 
[The solution is left to the student.] 



Ex. 844. To construct an isosceles right triangle equivalent to the 
difference of two isosceles right triangles. 

Ex. 845. Construct a triangle similar to two given similar triangles 
and equivalent to their sum. 



Proposition XXI. Problem 

378. To construct a rectangle equivalent to a given 
square, having the sum of its base and altitude equal 
to a given line. 



D C F HE 

Given. A square ABCD and a line EF, 

Required. To construct a rectangle equivalent to ABCD, 
having the sum of its base and altitude equal to EF, 

Construction. On EF as a diameter construct a semicircle. 
Draw EK perpendicular to EF and equal to AB. 
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Draw KG 11 EF, intersecting the semicircle in G. Draw 
GH±EF. 



^y^^" 


"--^^ 


G 














/ 

/ 
/ 




V 



R 



D C F HE 

The rectangle R, constructed with FH as the base and HE 
as the altitude, is the required one. 

Proof. FH:GH=GH: HE, (Why ?) 

.-. GH^ =FHx HE. 

But GH^ = kW = area AC, 



and 



and 



FH X HE = area R 
.*. . area AC= area 2?, 
FH-^HE = FE, 



Q.E.F. 



Proposition XXII. Problem 

379. 7b construct a rectangle equivalent to a given 
square, having the difference of its base and altitude 
equal to a given line. 

A B 





Given. A square ABCD and a line EF. 

Required. To construct a rectangle equivalent to ABCD, 
and having the difference of its base and altitude equal to EF. 

Construction. On EF as a diameter draw a circle. Draw 
EG perpendicular to EF and equal to AB. Through the center 
draw GO, intersecting the circumference in H and /. 
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Then the rectangle i?, constructed with the base and altitude 
equal to GI and GH respectively, is the required one. 

Proof. GI-GH=IH = EF. (Why ?) 

GE^=GIxGH, (314) 

or area ABOD = area R. q.e.f. 

Proposition XXIII. Problem 

880. To construct a polygon similar to a given poly- 
gon and equivalent to another polygon. 





Given. Two polygons, P and Q, a being a side of P. 
Required. To construct a polygon equivalent to Q and 
similar to P. 

Construction. Construct squares equivalent to P and Q, and 
denote their sides by m and n respectively. Construct a?, the 
fourth proportional, to m, 7i, and a. 

Upon Xy homologous to a, construct the polygon R similar 
to P. 

R is the required polygon. 

Proof. 



or 



But 



m : » = a : 05, 




(Con.) 


m* : m' = o' : a?, 




(276) 


P.Q = a*:2*. 






P:B = a^:y?. 




(371) 


: area Q = area R. 


(263) 


Q.E.F. 
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Proposition XXIV. Problem 

381. To transform the triangle ABC so that the 
angle A is not altered^ and the side opposite the angle 
A becomes parallel to a given line MN. 





Construction. Draw BD II MN, intersecting ^C in Z). 

Construct AE, a mean proportional between AD and AC. 

On AC lay off AF= AE, 

Draw FG II MN, meeting AB produced in G, 

AFG is the required triangle. 

Proof. 
A ABC ACxAB AC ^AB AC ^AD AC x AD 



AAGF AFxAG 



AC AB 
' AF AG' 



. AC AD 
AF AF' 



AF" 



area ABC = area AGF, 



= 1. 



Q.E.F. 



Ex. 846. To transform a given triangle into another one containing two 
given angles. 

Ex. 847. To transform a given triangle into an isosceles triangle, 
having a given vertical angle. 

Ex. 848. To transform a given triangle into an equilateral triangle. 

Ex. 849. To transform a given parallelogram into an equilateral 
triangle. 

Ex. 850. Construct an equilateral triangle equivalent to one-half of a 
given square. 

Ex. 851. Transform a given triangle into a right triangle containing a 
given acute angle. 
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382. Remark. — To divide a polygon into n equivalent parts 
by lines passing through a point P, one of tJie following two 
methods is usually used: 

(a) Transform the figure into a triangle having one vertex at 
P. Divide the triangle into n equal parts, and transform the 
parts thus obtained so as to form parts of the original figure. 

or, (b) Divide the figure into n parts by any method, and trans- 
form the parts thus obtained so as to fulfil the given conditions. 

The two methods are illustrated by the following exercises : 



Ex.862. To divide quadrilateral -45 02) 
into three equal parts by straight lines 
passing through A, 

(a) Transform ABCD into A ADE. 

Divide A ADE into the three equivalent 
parts ADF, AFG, and AGE. 

As the last two parts do not lie en- 
tirely in the given quadrilateral, draw 
GHW CA. 

Then AFG <> AFCH, and AF and AH 
are the required lines, 

or, (6) Trisect DB, Draw AF, AE, 
OF, and CE. 

Then the broken lines AFC and AEG 
divide the figure into three equivalent 
parts. To transform these parts so as to 
fulfil the conditions, draw FH and EK 
parallel to AC. 

AH &nd AK&Te the required lines. 

Ex. 853. To bisect a trapezoid by a line drawn from a point P in the 
smaller base. 





Ex.854, 
base. 



To bisect a triangle by a line drawn from a point P in the 
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Ex. 856. To bisect a triangle by a line drawn perpendicular to the 
base. 

Ex. 856. To bisect a triangle by a line parallel to a given line. 



MISCELLANEOUS EXERCISES 

THEOREMS 

Ex. 857. A straight line passing through the midpoint of a diagonal of 
a parallelogram divides the figure into two equivalent parts. 

Ex. 858. The area of a circumscribed polygon is equivalent to one-half 
the product of perimeter and radius. 

Ex. 859. If through any point in a diagonal of a parallelogram, par- 
allels are drawn to the sides, four parallelograms are formed, of which 
the two which do not contain the diagonal are equivalent. 

Ex. 860. If any point within a parallelogram be joined to the four 
vertices, the sum of either pair of opposite triangles is equivalent to 
one-half the parallelogram. 

Ex. 861. The lines joining the midpoints of the sides of a quadrilateral 
in succession form a parallelogram equivalent to one-half the quadrilateral. 

Ex. 862. The areas of two similar triangles are to each other as the 
squares of any two homologous bisectors. 

Ex. 863. The areas of two similar triangles are to each other as the 
squares of any two homologous medians. 

Ex. 864. If E is any point in the diagonal ^C of the parallelogram 
ABCD, prove that AAEB ^ AADE. 

* Ex. 865. A quadrilateral is equivalent to a triangle if its diagonals 
and the angle included between them are respectively equal to two sides 
and the included angle of the triangle. 

* Ex. 866. Two quadrilaterals are equivalent if the diagonals and the 
included angle of one are equal, respectively, to the diagonals and the 
included angle of the other. (Ex. 865.) 

* Ex. 867. If two chords intersect within a circle at right angles, the 
sum of the squares upon their segments is constant. 

Ex. 868. In any quadrilateral the sum of the squares of the four sides 
is equal to the sum of the squares of the diagonals, increased by four 
times the square of the line joining the midpoints of the diagonals. 



MISCELLANEOUS EXERCISES 



191 



Ex. 869. If, on two sides of tri- 
angle ABC J parallelograms DB 
and BG are constructed, their sides 
DE and GLH be produced to meet 
in F, and on ^C a parallelogram 
be constructed, having AK equal 
and parallel to FB, then the paral- 
lelogram AL is equivalent to paral- 
lelogram AE plus parallelogram 
BO, (Pappus's Theorem.) 

Ex. 870. Find a similar propo- 
sition for triangles constructed on 
the three sides of a given triangle. 

Ex. 871. Prove the Pythagorean Theorem by means of Ex. 869. 




PROBLEMS OF COMPUTATION 
Ex. 872. The side of an equilateral triangle is 10 in. Find the area. 

Ex. 873. Find the area of an isosceles triangle if the base is 6 and the 
arm 5. 

Ex. 874. Find the area of a trapezoid whose bases are 9 and 11 
respectively, and whose altitude is 12 ft. 

Ex. 875. Find the area of a rhombus whose diagonals are 9 and 10 
ft. respectively. 

Ex. 876. Find the area of quadrilateral ABCD if AB = B9, BC = 62, 
CD = 25, AD = 60, diagonal ^C = 66. 

Ex. 877. A side of equilateral triangle ABC is 8. Find the side of an 
equilateral triangle equivalent to three times triangle ABC, 

Ex. 878. The perimeter of a rectangle is 20 m., one side is 6 m. Find 
the area. 

Ex. 879. What is the side of a square whose area is 900 sq. m. ? 

Ex. 880. The area of a rhombus is equal to m, and one diagonal is 
equal to d. Find the other diagonal. 

Ex. 881. The area of a trapezoid is 400 sq. m., its altitude is 8 m. 
Find the length of the line joining the midpoints of the non-parallel sides. 

Ex. 882. The hypotenuse of a right triangle is 20, and the projection 
of one arm upon the hypotenuse is 4. What is its area ? 
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Ex. 883. The base and altitude of a triangle are 12 and 20 respectively. 
At a distance of 6 from the base, a parallel is drawn to the base. Find 
the areas of the two parts of the triangle. 

Ex. 884. Find the area of a rectangle having one side equal to 6 and 
a diagonal equal to 10. 

Ex. 886. Find the area of a polygon whose perimeter equals 20 ft., 
circumscribed about a circle whose radius is 3 ft. 

Ex. 886. Find the side of an equilateral triangle equivalent to a paral- 
lelogram, whose base and altitude are 10 and 16 respectively. 

Ex. 887. The sides of two equilateral triangles are 13 and 12 respec- 
tively. Find the side of an equilateral triangle equivalent to their 
difference. 

Ex. 888. Two similar polygons have two homologous sides equal to 7 
and 24 respectively. Find the homologous side of a third polygon, 
similar to the given polygons and equivalent to their sum. 

Ex. 889. The sides of a triangle are as 8 : 16 : 17. Find the sides if 
the area is 480 sq. ft. 

Ex. 890. The sides of a triangle are 8, 16, and 17. Find the radius of 
the inscribed circle. 

Ex. 891. The sides of a triangle are 6, 7, and 8 ft. Find the areas of 
the two parts into which the triangle is divided by the bisector of the 
angle included by 6 and 7. 

Ex. 892. Find the area of an equilateral triangle whose altitude is 
equal to h, 

PROBLEMS OF CONSTRUCTION 

Ex. 893. To construct a triangle equivalent to the sum of two given 
triangles. 

Ex. 894. To transform a rectangle into another one, having given one 
side. 

Ex. 895. To construct a triangle equivalent to the difference of two 
given parallelograms. 

Ex. 896. To transform a square into an isosceles triangle, having a 
given base. 

Ex. 897. To transform a rectangle into a parallelogram, having a given 
diagonal. 

Ex. 898. To divide a triangle into three equivalent parts by lines 
drawn through a p^int in one of the sides. 
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Ex. 899. To bisect a parallelogram by a line perpendicular to a side. 

Ex. 900. To bisect a parallelogram by a line perpendicular to a given 
line. 

Ex. 901. To divide a parallelogram into three equivalent parts by lines 
drawn through a vertex. 

Ex. 902. To bisect a trapezoid by a line drawn through a vertex. 

* Ex. 903. Divide a triangle into three equivalent parts by lines drawn 
from a point P within the triangle. 

Ex. 904. Divide a pentagon into four equal parts by lines drawn 
through one of its vertices. 

Ex. 905. Divide a quadrilateral into four equal parts by lines drawn 
from a point in one of its sides. 

Ex. 906. Find a point within a triangle such that the Unes joining the 
point to the vertices shall divide the triangle into three equivalent parts. 

Ex. 907. Construct a square that shall be to a given triangle as 5 is to 4. 

Ex. 908. Construct a square that shall be to a given triangle as m is to 
n, when m and n are two given lines. 

Ex. 909. Construct an equilateral triangle, that shall be to a given 
rectangle as 4 is to 6. 

Ex. 910. Find a point within a triangle such that the lines joining the 
point with the vertices shall form three triangles, having the ratio 3:4:6. 

Ex. 911. Divide a given line into two segments such that one segment 
is to the line as •\/2 is to V6. 

Ex. 912. To transform a triangle into a right isosceles triangle. 

Ex. 913. Construct a triangle similar to a given triangle and equivalent 
to another given triangle. 

* Ex. 914. Bisect a trapezoid by a line parallel to the bases. 



BOOK V 

REGULAR POLYGONS. MEASUREMENT OF THE 

CIRCLE 



REGULAR POLYGONS 
Proposition L Theorem 

(382'.) Def. a regular polygon is one which is equiangular 
and equilateral. 

383. A circle can he circumscribed about any regular 
polygon. a 




Hyp. ABCDE is a regular polygon. 
To prove a circle can be circumscribed about ABCDE, 
Proof. Construct a circumference through Ay B, and (7, and 
let be its center. 

Draw OA, OB, OC, and OD; 

ZABC = ZBCD. 

ZOBC = ZOCB. 
.-. Z DBA = Z OCD, 
But 0C= OB and AB = CD, 

A OBA = A OCD. 

.-. OD=OA. 
194 



(Why?) 
(Why?) 

(Why?) 
(Why?) 
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/. the circumference passes through D. 
In like manner, it may be proven that the circumference 
passes through the remaining vertices of the polygon. 
.*. a circle can be circumscribed about the given polygon. aE.D. 

Proposition II. Theorem 

384. A circle can be inscribed in any regular polygon. 

Hint. — Circumscribe a circle about the given polygon and prove that 
the center is equidistant from the sides. 

385. Def. The center of a regular polygon is the common 
center of the circumscribed and inscribed circles of the 
polygon. 

386. Def. The radius of a regular polygon is the radius 
of the circumscribed circle. 

387. Def. The angle at the center is the angle between two 
radii drawn to the ends of a side. 

388. Def. The apothem of the polygon is the radius of the 
inscribed circle. 

389. Cor. 1. The angle at the center of a regulai^ polygon 

of n sides is equal to - right angles. 
n 

390. Cor. 2. The angle formed by an apothem to a side of 
a regular polygon, and a radius to an extremity of that side, is 

2 
equal to - right angles. 
n 



Ex. 915. The lines joining opposite vertices of a regular hexagon pass 
through the center. 

Ex. 916. A triangle is regular if the centers of the circumscribed and 
inscribed circles coincide. 

Ex. 917. A polygon is regular if the centers of the circumscribed and 
inscribed circles coincide. 

Ex. 918. The angle at the center of a regular polygon is the supple- 
ment of an angle of the polygon. 
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Proposition III. Theorem 

391. If the circumference of a circle is divided into 
any number of equal parts : 

(1) The chords joining the points of division succes- 
sively form a regular inscribed polygon. 

(2) Tangents draivn at the points of division form a 
regular circumscribed polygon. 




I 

Hyp. The circumference ACE is divided into the equal 
arcs AB, BC, CD, etc. 

(1) To prove ABCDE is a regular polygon. 

Proof. arc AB = arc BC = arc CD, etc. (Why ?) 

.'. arc AC = arc BD = arc CE, etc. (Ax. 2.) 

.-. Z EAB = Z ABC = ZBCD, etc. (Why ?) 

But AB = BC= CD. (Why ?) 

.*. polygon ABCDE is regular. (Why ?) 

(2) To prove tangents drawn at A, B, C, etc., form the 
regular circumscribed polygon FOHIK. 

Proof. Z OAB = Z QBA = Z CBH = Z HCB, etc., (Why ?) 

and AB =BC = CD, etc. (Why ?) 
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.'. AABG, CBH, CDI, etc., are equal and isosceles. (Why ?) 

and AG=GB = BII= HC, etc. 

Whence OH=HI= IK, etc. (Ax. 2.) 

.*. circumscribed polygon i^6?^/^ is regular. q.e.d. 

392. Cor. 1. The perimeter of an inscribed polygon is less 
than the perimeter of an inscribed polygon of double the 
number of sides. 

393. CoR. 2. The perimeter of a circumscribed polygon is 
greater than the perimeter of a circumscribed polygon of 
double the number of sides. 



Ex. 919. An equilateral polygon inscribed in a circle is regular. 

Ex. 920. An equilateral polygon circumscribed about a circle is regu- 
lar if the number of its sides is odd. 

Ex. 921. An equiangular polygon circumscribed about a circle is 
regular. 

Proposition IV. Problem 

394. To inscribe a sqiiare in a given circle. 




Construction. In the given circle ABC, draw diameters 
AC and BD perpendicular to each other, and join AB, BC, 
CD, and DA. 

Then ABCD is the required square. 

[The proof is left to the student.] 
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395. Cob. 1. By bisecting the central angles, the arcs AB^ 
BCy etc., will be bisected, and a polygon of eight sides may be 
inscribed in the circle. By repeating the process, polygons of 
16, 32, •••,2" sides may be constructed. 

396. Cob. 2. By drawing tangents at A, B, C, and D, a 
square may be circumscribed about the circle. 



Ex. 922. To circumscribe an octagon about a given circle. 
Ex. 923. To construct a regular octagon, having a given side. 
Ex. 924. The side of an inscribed square is equal to the radius 
multiplied by V2. 

Ex. 925. Find the area of a square, if its radius is equal to r. 

Pboposition V. Pboblem 
397. To inscribe a regular hexagon in a given circle. 




Construction. In the given circle ACD, draw the radius 
AG. 

From -^ as a center, with a radius equal to OA, draw an arc 
meeting the circumference in B, Draw AB. 

AB is the side of a regular hexagon. 

By applying the radius six times as a chord, the regular 
hexagon ABCDEF is formed. 
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Proof. A ABO is equilateral. (Why ?) 

.'. ZO = i rt. or 1 of 2 st. A. (Why ?) 
.*. arc BA = ^ of the circumference, 

and ABCDEF is a regular hexagon. aE.F. 

398. Cor. 1. By joining the alternate vertices of an in- 
scribed regular hexagon, an inscribed equilateral triangle is 
formed. 

899. Cob. 2. Polygons of 3, 6, 12, 24, etc., sides may be 
inscribed in and circumscribed about a given circle. 




Ex. 926. The side of an equilateral 
triangle is equal to its radius multiplied by 

y/Z. 

Ex. 927. If the radius of a circle is r, 
the apothem of the inscribed hexagon is 

T 

equal to -Vs^ 

Ex. 928. To circumscribe a regular hex- 
agon about a given circle. 

Ex. 929. To construct a regular polygon of twelve sides, having given 
a side. 

Ex. 930. In Ex. 929 how many degrees are in the angle at the center? 

Ex. 931. Find the area of a regular hexagon if its radius is equal to r. 

Ex. 932. The apothem of an equilateral triangle is equal to one-half 
its radius. 

Ex. 933. The area of an inscribed equilateral triangle is equal to one- 
half the area of the inscribed regular hexagon. 

Ex. 934. The areas of triangles inscribed in equal circles are to each 
other as the products of their three sides. 

Ex. 935. A square constructed on a diameter of a circle is equivalent 
to twice the area of the inscribed square. 
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Proposition VI. Problem 
400. To inscribe a regular decagon in a given circle. 

js 

Q 




Construction. In the given circle AB, draw any radius OA, 
and divide it into extreme and mean ratio, so that 

OA:OC=OC:CA, 

Then OC is the side of the required decagon, and by apply- 
ing it ten times as a chord, a regular decagon ADEF, etc., is 
formed. 

Proof. Draw DO and DC, 

AO:OC=OC:CA, • 

or since 00 = AD, 

AO:AD = AD: AC. 

.'. A OAD - A CAD. (Why ?) 

.-. ZO = ZCDA. (Why?) 

But A OAD being isosceles, the similar triangle DAC must 
be isosceles, 
or, CD = AD = CO, 

whence ZO = Z CDO. (Why ?) 

But ZO=ZCDA. 

.'. 2Z0 = Z0DA, (Ax. 2.) 

and 2Z0=^ZDA0. 
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But ZO-^Z ODA + Z DAO = 2 rt. A, 

.'. 5ZO = 2TtA, 
or Z = I rt. Z, or ^i^ of 4 rt. A. 

.'. arc AD is ^ of the circumference, and AD is the side of 
an inscribed regular decagon. aE.F. 

401. CoR. 1. By joining the alternate vertices A, E, G, 
etc., an inscribed regular pentagon is formed. 

402. Cob. 2. Polygons of 5, 10, 20, etc., sides may be in- 
scribed in and circumscribed about a given circle. 

Proposition VII. Problem 

403. To construct the side of a regular polygon of 
fifteen sides inscribed in a given circle. 




B 

Construction. In the given circle ABD, draw the chord AB 
equal to the radius, and chord AC equal to the side of the 
inscribed regular decagon. 

Then CB is the side of the inscribed regular polygon of 
fifteen sides. 

Proof. Arc AB = ^ of the circumference. 
Arc -4(7 = ^ of the circumference. 
Arc CB = \ — -}^j ov -^ oi the circumference, 
and CB is the side of the required polygon. Q e.f. 
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404. Cor. Polygons of 15, 30, 60, etc., sides may be in- 
scribed in, and circumscribed about a given circle. 



Ex. 936. To construct a regular decagon, having given a side. 

Ex. 937. To construct an angle of 36°. 

Ex. 938. To divide a right angle into five equal parts. 

Ex. 939. The diagonals of a regular pentagon are equal. 

Ex. 940. The diagonals of a regular pentagon divide each other into 
extreme and mean ratio. 

Ex. 941. The area of a regular inscribed hexagon is a mean pro- 
portional between the areas of the inscribed and circumscribed equi- 
lateral triangles. 

Ex. QASt. Any radius of a regular polygon bisects an angle of the 
polygon. 

Ex. 943. The diagonals drawn from a vertex of a regular decagon 
divide that angle into eight equal parts. 

Ex. 944. To construct a regular pentagon, having given a side. 

Ex. 945. An equiangular polygon inscribed in a circle is regular if the 
number of its sides is odd. 

Proposition VIII. Theorem 

405. Regular polygons of the same number of sides 
are similar. 

B 

3' 





Hyp. ABODE and A^B'C^D'E' are regular polygons of n 
sides. 

To prove ABODE - A'B'C'D'E\ 
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„ 2 

Proof. Every angle of both polygons is equal to st. A, 

(Why?) 
.-. polygons ABODE and A'B'C'B'E' are mutually equi- 
angular. 

Since AB = BC, etc., and A'B' = B'C, etc., (Why ?) 
AB : A'B' = BO : B'C = etc. 
.-. ABODE and A'B'C'D'E' are similar. aE.D. 



Ex. 946. To construct a regular hexagon equivalent to one-half of a 
given regular hexagon. 

Ex. 947. Construct a regular pentagon equivalent to the sum of two 
given regular pentagons. 

Proposition IX. Theorem 
406. The perimeters of regular polygons of the same 
number of sides have the same ratio as their radii or 
as their apothems. 





A D B A' F B' 

Hyp. P and P' are the perimeters of two regular polygons 
having the radii OA and 0'A\ and the apothems OD and 
0'D\ respectively. 

To prove P:P' = OA: O'A' = OD : O'D'. 

Proof. Z ADD = Z A'O'D'. 

.-. AOAD^AO'A'D'. 
Hence AD : A'D' = OD : O'D' = AO : A'0\ 
But P:P' = AB: AB' = AD : A'D\ 

.-. P:P'=OD: O'D' = AO : A'O'. 



(398) 

(Why ?) 

(Why ?) 

(Why?) 

aE.D. 
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407. Cor. The areas of regular polygons of the same num- 
ber of sides are to each other as the squares of their radii or 
apothems. 

Ex. 948. The lines joining the midpoints of the radii of a regular pen- 
tagon enclose a regular pentagon equivalent to one-fourth the given 
pentagon. 

Proposition X. Theorem 

408. If the number of sides of a regular polygon is 
increased indefinitely^ the apothem will increase toward 
the radius as a limit. 




Hyp. AB is a side, OA the radius, and OD the apothem of 
a regular polygon of n sides. 

To prove. If n increases indefinitely, the limit of OD 
equals OA. 

Proof. In AAOD, the difference of two sides is less than 
the third. 

.-. AO-OD<AD. 

By increasing the number of sides indefinitely, AB, and 
therefore ADy can be made smaller than any imaginable 
quantity. 

.-. the difference between AO and OD can be made less 
than any imaginable quantity. 

.-. OA is the limit of OD. q.e.d. 
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Proposition XI. Theorem 

409. The circumference of a circle is greater than the 
perimeter of any inscribed polygon. 

[The proof is left to the student.] 

Proposition XII. Theorem 

410. The circumference of a circle is less than the 
perimeter of any enveloping line. 




A 
Hyp. MNO is a circumference, and any line ABO en- 
velopes it. 

To prove MNO < ABO. 

Proof. Among all the lines enclosing MNO, there must be 
one which is the shortest. 

Draw tangent EF, intersecting ABO in E and F. 

EF< EB + BF, (Ax. 10.) 

.-. AEFO<ABO. (Why?) 

.'. ABO is not the shortest line. 
Similarly no other enveloping line can be the least. 

.-. OMN is the least line. aE.D. 

411. Cor. Th? circumference of a circle is less than the 
perimeter of any circumscribed polygon. 
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Proposition XIII. Theorem 

412. If the number of sides of an inscribed regular 
or circumscribed regular polygon is increased indefi- 
nitely : 

(1) Their perimeters approach the circumference as 
a common limit. 

(2) Their areas approach the circle as a common 
limit 



Hyp. P and P' are the perimeters, A and A' the areas of 
two regular polygons of n sides respectively inscribed in and 
circumscribed about a circle S, whose circumference is C. 

To prove. If n increase indefinitely, 

(1) P and P approach C as a limit. 

(2) A^ and A approach /S as a limit. 

Proof. Let E be the apothem of P' and radius of P, and let 
r be the apothem of P. 

(1) ^ = f (Why?) 

Zj^=R=iI. (Why?) 

By increasing n indefinitely, R — r can be made smaller 
than any imaginable quantity. Hence P — P will become 
indefinitely small. 
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Since F >C> P. (Why ?) 

The difference between C and either P' or P is less than 
P* ^ P, and can be made indefinitely small. 

.*. P' and P approach (7 as a limit. 

(2) ^' = f- (Why?) 

^LllA^^^. (Why?) 

By increasing n indefinitely, 

IP — r^ becomes indefinitely small. 
.•. A' —A becomes indefinitely small. 

And since A^> S> A, 

the difference between S and either A or A is smaller than 
A^ — -4, and can be made indefinitely small. 

.-. Al and A^ approach /S as a limit. qe.d. 

Proposition XIV. Theorem 
413. Circumferences are to each other as their radii. 





Hyp. C and O are two circumferences with radii R and R^ 
respectively. 

To prove C:0 = R:R'. 
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Proof. Inscribe regular polygons of n sides in each circum- 
ference having the perimeters P and P' respectively. 





p 
P" 


R 


p 

R 


P 
' R' 



(Why?) 



or ^=^. (Why?) 



P P' 

Increase n indefinitely, then the equal variables -— and — 
must have equal limits. 
But C and C are the limits of P and P* respectively. 

or C:C = E:E', aE.D. 



414. CoR. 1. Circumferences are to each other as their 
diameters. 

415. CoR. 2. The ratio of the circumference to its diameter 
is constant. 

Since C:C' = 2E:2E', 

c ^ a 

2E 2K 
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n 
416. Scholium. The constant value of - — is denoted by 

the Greek letter ir. It is an irrational number, which can only 
be found approximately, but with any degree of precision. 

Since C^^ C^2.R, 

2R 



Ex. 949. Find a circumference equal to the sum of two given circum- 
ferences. 

Ex. 950. Draw three circumferences Which are to each other as 4 : 5 : 6. 

Proposition XV. Theorem 

417. The area of a regular polygon is equal to one- 
half the product of its apothem and perimeter. 



Hyp. S is the area, P the perimeter, and R the apothem of 
the polygon ABODE, having n sides. 

To prove S = iPx R. 

Proof. Draw radii OA, OB, etc., dividing the polygon into 

n equal triangles. (Why ?) 

area ABO = iABxR. (Why ?) 

S = n X area ABO = ^n x AB x R. 

But nxAB=P, 

or S^^iPxR. Q.E.D. 
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418. Def. a sector of a circle is a figure bounded by two 
radii and their intercepted arc. 

419. Def. Similar arcs, segments, and sectors are those 
which correspond to equal central angles. 

Proposition XVI. Theorem 

420. The area of a circle is equal to onerJiaif the 
product of its circumference and radium. 




Hyp. S is the area of a circle of radius B and circumfer- 
ence C. 

To prove S = iCxB. 

Proof. Circumscribe a regular polygon about the circle, and 
let P be its perimeter, A its area. 

A = iPxR. 
Let the number of sides be increased indefinitely, then 

A approaches /S as a limit. (Why ?) 

P approaches C as a limit. (Why ?) 

.'. S = iCxR. (213) aE.o. 

421. Cor. 1. The area of a circle is equal to v times the 
square of its radius. 

For S = iCxR Sind C=2irR. 

.-. S = irR'. 
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422. Cob. 2. The areas of circles are to each other as the 
squares of their radii. 

423. Cob. 3. The area of a sector is equal to one-half the 
product of its radius and arc. 

424. Cob. 4. Similar sectors are to each other as the squares 
oi their radii. 

425. Eemabk. — Since the areas of circles have the same ratio 
as the squares of their radii, a great many constructions referring 
to squares may be applied to circles. 



Ex. 961. Construct a circle equivalent to three-fifths of a given circle. 

Ex. 962. Construct a circle equivalent to three times a given circle. 

Ex. 963. Construct a semicircle equivalent to a given circle. 

Ex. 964t Construct a circle equivalent to the smu of two given circles. 

Ex. 966. Construct a circle equivalent to the difference of two given 
circles. 

Ex. 966. Construct a circle equivalent to the area bounded by two 
concentric circumferences. 

* Ex. 967. If upon the three sides 
of a right triangle semicircles be drawn 
as indicated in the diagram, the area 
of the right triangle is equivalent to 
the sum of the two crescent-shaped 
nreas, bounded by the semicircles. 
(Hippocrates' Theorem.) 

* Ex. 968. If C is a point in the 
straight line AB, the three semicircles, 
drawn respectively upon AB, AC, and 
CB as diameters, bound an area equiva- 
lent to a circle whose diameter is the 
perpendicular CD, D being in the largest 
semicircle. 




212 PLANE GEOMETRY 

Proposition XVII. Theorem 

426. Similar segments are to ea^h other as the 
squares of their radii. 





A^ UT—^' 



Hyp. S and S' are two similar segments, having the radii 
R and R' respectively. 

To prove S:S' = R':R'', 

Proof. Sector AOB : sector A'O'B' = R^ : R'^. (Why ?) 

Or, if K and m denote two constant numbers, and sector 
AOB = K-R!", then sector A'O'B' = K • R'\ (268) 

Similarly, if A AOB = m'R^, then A A'O'B' = m • R'K 

(372) 
Subtracting member from member, 

segment S = (K— m)R? and segment S^ = {K— m)R\ 

By dividing the last two equations, 

segment S _R* 

segment S* R^ q.e.d. 



Ex. 959. To construct a segment similar to two given similar segments 
and equivalent to their sum. 

Ex. 960. li upon three sides of a right triangle arcs of 90° be drawn, 
so that those upon the arms lie within, and that upon the hypotenuse lies 
without the triangle, then the area of the right triangle is equal to the 
area bounded by the three arcs. 
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Proposition XVIII. Problem 

427. TTie side and the radius of a regular polygon 
being given, to compute the side of a regular polygon 
of the same radius and double the number of sides. 




Given. AB equal to a side « of a regular polygon with 
radius OA = R. 

Required. To compute AC, the side of a regular polygon of 
double the number of sides, inscribed in the same circle. 



Construction. Draw AO and CO meeting AB in D. 
DC bisects AB at right angles. 

AC^= OA^ H- 00^ _ 2 OC X OD, 
{square of a side opposite an acute Z, etc.), 
r AC'=-2B^^2RxOD, 

[if- 



But 



or 



Hence 



OE^=R' 



OD 



=v^f 



OD = ^V4 ^ - 8». 
J^= 2 IP- By/4:lp:^. 



(Why?) 



(Why?) 



^O = V 2 if* - fi V4 fi* - s». 
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428. Cor. If i? = 1, and the side of a polygon of n sides 
equals 8^ then 

5^ = V2-V4^^l 



Ex. 961. The side of an inscribed square is equal to By/2, Compute 
the side of the regular octagon. 

Proposition XIX. Problem 

429. To compute the ratio of the circumference of a 
circle to the diameter. 

Let i? = 1, then 8^ = 1, 

and according to (428), we have 

Length of Lbngth or 
Side Pkbiiceteb 



,ij=V2-V4-l* :^ 0.51764 6.21166 



«8, = V2 - V4 - (0.51764)* = 0.26105 6.26526 



,« = V2 - V4 - (0.26105)^ = 0.13081 6.27870 
«„ = V2 - v'i - (0.13081)^ = 0.06534 6.28206 
«i9s = V2-Vr^(0.06534)* = 0.03272 6.28291 



«884 = V2 - V4 -(0.03272)* = 0.01636 6.28312 



«,„ = V2 - V4 - (0.01636)* = 0.00818 6.28317 

Taking the last perimeter as the approximate value of the 
circumference, 

C 6.28317 



2R 



= 3.14159. 



430. Eemark. — Most computations referring to the circle in- 
volve the use of the two formulae C = 2 ttR and S = iriP. If R 
is not given, compute R first. (421.) 
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Ex. 962. Find the circumference of a circle whose radius is 5. 

Ex. 963. Find the area of a circle whose radius is 10. 

Ex. 964. Find the radius of a circle whose area is 100 sq. in. 

Ex. 965. Find the radius of a circle whose circumference equals m 
inches. 

Ex. 966. Find the circumference of a circle whose area equals S. 

Ex. 967. Find the area of a circle whose circumference equals C 

Ex. 968. Find the radius of a circle equivalent to a square whose side 
equals 6. 

Ex. 969. The circumference of a circle equals 10. Find the circum- 
ference of a circle having twice the area of the given circle. 

Ex. 970. Two concentric circles have their circumferences equal to 
30 and 40 respectively. Find the area bounded by the two circumferences. 

Ex. 971. Find a semicircle equivalent to an equilateral triangle whose 
side equals 5. 

Ex. 972. Find the area of a sector whose radius equals 5, and whose 
central angle equals 40^. 

Ex. 973. A square is inscribed in a circle of radius 10. Find the area 
of a segment bounded by a side of the square. 

Ex. 974. From a point without a circle, two tangents are drawn to a 
circle whose radius equals 10. Find the area bounded by the two tan- 
gents and the circumference, if the tangents include an angle of 120°. 

Ex. 975. Find the area bounded by three arcs of 60° and radius 6, if 
the concave sides of the arcs are turned toward the area. 

Ex. 976. Find the area bounded by three arcs of 60° and radius 5, if 
the convex sides of the arcs are turned toward the area. 

Ex. 977. A circle has an area of 60 sq. in. Find the length of an arc 
of 40°. 

Ex. 978. Find the central angle of a sector whose perimeter is equal 
to the circumference. 

Ex. 979. Find the central angle of a sector whose area is equal to the 
square of the radius. 

MISCELLANEOUS EXERCISES 

Ex. 980. If in a circle two chords intersect at right angles, and circles 
are constructed on the segments of the chords as diameters, the area of 
the given circle is equivalent to the sum of the areas of the four circles. 
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Ex. 981. The side of the regular circumscribed triangle is equal to 
twice the side of the regular inscribed triangle. 

Ex. 982. The square of a side of an inscribed equilateral triangle is 
equal to three times the square of the inscribed regular hexagon. 

Ex. 983. If the radius of a regular octagon be equal to r, prove that 
its side equals r v 2 — \/2. 

Ex. 984. If the radius of a regular decagon be equal to r, prove that 
y> _ 
its side equals „( V6 — 1). 

Ex. 985. If the radius of a regular pentagon be equal to r, prove that 
its side equals g^lO - 2 VS- 

Ex. 986. If the radius of a regular dodecagon be equal to r, prove that 
its side equals rV2 — V3. 

Ex. 987. If in a circle a regular decagon and a regular pentagon be 
inscribed, the side of tha decagon increased by the radius is equal to twice 
the apothem of the pentagon. 

* Ex. 988. The square of the side of a regular decagon increased by the 
square of the radius is equal to the square of the side of a regular penta- 
gon, having the same radius. 



APPENDIX TO PLANE GEOMETRY 

ALGEBRAIC SOLUTIONS OF GEOMETRICAL PROP- 
OSITIONS. MAXIMA AND MINIMA 



CONSTRUCTION OF ALGEBRAIC EXPRESSIONS 

431. Note. — In the following propositions, o, 6, c, d, etc., denote 
given lines, while x, y, z, etc., denote required lines. 

432. (1) Construct x = a+ b, 

(2) Construct a; = a — 6. 

(3) If m denotes a given number. 
Construct x = m * a. 

(4) Construct x= — 

m 

(ib 

(5) Construct x = — ' 

Hint. — 05 is the fourth proportional to c, a, and b. 



(6) Construct ^ ~ ^' 



Ex. 989. Construct x = — hy means of (312). 

Ex. 990. Construct x = ^ by means of (314). 

217 
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(7) Construct x= Vab. 

(Three methods: 307 and 314.) 



(8) Construct x = Va* -f V. 

(9) Construct x = Va* — b\ 

(10) Construct a? = a^/2, 

(11) If m denotes a known number. 
Construct x = a^/m. 



Hint. 05 = Va^am). 



Ex. 991. Construct x = ^ VS by means of an equilateral triangle. 

433. Complex algebraical expressions are constructed by- 
means of the eleven constructions of (432). It is quite often 
necessary to transform the algebraical expressions, in order to 
make them special cases of (432). Different algebraical trans- 
formations lead to different solutions. 

Construct : 

Ex. 992. X = y/Sab, 

i.e, X is the mean proportional between 3 a and h, 

or a = y/ab VS, 

i.e. find Vab by means of (432, 7), and Vab Vs by means of (Ex. 991). 

Ex.993. ^^a'-b^^(a + b)(a-b) 

4c 4 c 

i.e. find the fourth proportional to 4 c, a + 6, and a^b. 



Ex. 994. x = Vo2 - ab. 



Hint. x = Va(^a — 6). 

Ex. 995. x = Va^ - be = Va2-(V6c)«, 

i.e. find the mean proportional between b and c, and construct a right 
triangle, having one arm equal to the mean proportional, and the hypote- 
nuse equal to a. 
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434. Scholium. The expressions to be constructed in 
Geometry are always homogeneous. 

435. The impossibility of the construction is indicated if : 

(1) The expression is imaginary. 

(2) The value of x is not within the limits indicated by the 
problem. 

(3) Sometimes, if the result is negative. If the required 
line has a certain direction, a negative result would indicate a 
line of opposite direction. 

SOLUTION OF PROBLEMS BY MEANS OF ALGEBRAIC 
ANALYSIS* 

436. If a problem requires the construction of lines, it is 
often possible to state the condition in the form of an equation. 
The solution of the equation gives the unknown line in an 
algebraic form, which may be constructed according to (433). 



Ex. 996. To divide a line externally so that the small external segment 
is the mean proportional between the other segment and the given line. 

Analysis. Let x be one segment, then a -f- a; is the other, and 
a-\- x: x=^X'.a, 

a^ = a^ 4- ax. 
The solution of the equation gives 

As the minus sign would give a negative answer, i.e. an 
internal segment, we have to construct 

♦The present chapter requires the knowledge of quadratic equations. 
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Construction. 



D 



C.-' 



IS 

I — 



Draw AB = a. At J5, draw BC perpendicular to AB and 
equal to ^« 

Draw ACy and produce it to D, so that OZ) = CB. 
Then a; = ^Z). 

.-. produce BA to ^, so that AE = AD, 
E is the required point. 

437. Scholium 1. The analysis used in this problem is 
called algebraic analysis in distinction from the purely geo- 
metric analysis given in Book I. 

438. Scholium 2. The algebraic analysis contains a proof 
for the correctness of the construction, although quite often a 
purely geometric proof may be found. 



Ex. 997. From a triangle ABC, to cut off an isosceles triangle AXY^ 
equivalent to one-half of ABC. ^ 

Analysis. Let AX=iAY=XyAB=Cy //\ 

and AC = b. „, y \ 

AAXY:AABC=x':bc=l:2. // \ 

.-./^ / ^^ — " 



ALGEBRAIC GEOMETRY 221 

Construction. Construct x, a mean proportional between - 

and 6, and on AB and AC, respectively, lay off ^X and AY 
equal to x. 

Then A AX Y is the required one. 



Ex. 998. To construct a right triangle, having given an arm a, and 
the projection p, of the other arm upon the hypotenuse. 

Analysis. Let x be the projection of a upon the hypotenuse. 

x{x-\-p)^a% (Why?) 

or ic* 4- a^? = a*. 

■•■ "-i±V^ 

The minus sign would give a negative answer. 

.-. construct ^=~^+\;(^) H"^*- 

Construction. Draw AB = a, and BC perpendicular to AB 
and equal to ^p. Join 



^i-M^} 




From C7 as a center, 
with a radius equal to BC, 
draw an arc intersecting 
AC in D and E, 

Then AD = x, 
and 
-4^ = «+/) = hypotenuse. 

.-. from -4 as a center, with a radius equal to AE, draw an 
arc meeting BC produced in G. 

AGB is the required triangle. 



Ex. 999. From a given line a, to cut off a part x, that shall be a mean 
proportional between the remainder a — x and another given line ft, 
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Analysis. (a — x):x = x:h. 

3?=ab-ax. 



'=-iWf 



4-06. 



Transforming, either 



'-i^^y 



or 



.-1+ 



ijK^)' 



Using the second method, we have 

Constrttction. Draw AB=^a and 
AC=b. From C and B as centers, 

with a radius equal to % draw two 
arcs intersecting in 0. 

With as a center and the same 
radius, describe a circle. 

Draw OA, intersecting the cir- 
cumference in D, 

Then x = AD. 

.-. on AB, lay off AE==AD. 

Then E is the required point. 

Proof. From A, draw tangent AF, 

AF'^ACxAB, 

or AF=Va6. 

AO' = F0^-j-AF\ 




(Why?) 



^-vdj+M'-i 



Q.E.D. 
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In the above construction, the tangent theorem has been 
used to construct the mean proportional, but any other con- 
struction of a mean proportional may be used. 



Ex. 1000. Give a purely geometric proof of 
Ex. 999. 

Ex. 1001. In a circle a diameter AB = 2 r 
is drawn. From the midpoint C of the semi- 
circle AB to draw a chord CD, meeting AB in 
E^ so that DE shall be equal to a given line p. 

Analysis. Let CE = a:, OE = y. 

and X'p = (r'{-y)(r — y). 

Eliminate y and solve. Then 




(Why?) 
(Why?) 



Only the positive sign gives a line. 
Construct 



-hym 



+ 2r», 



or transformed, x ■■ 



.V(|)' + frV-2).-f. 



Construction. Draw CA(=r'V2), 
At A, draw AF perpendicular to 
CA and equal to ~- 

Draw CF. On FC, lay off FQ 
equal to FA. 

Then x = C(?. 

From C as a center, with a radius 
equal to CO^ draw an arc meeting 
AB in E. Through F, draw chord 
(72), which is the required chord. 
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Ex. 1002. Given lines AB and p. In the line AB, to find a point C 
sothat^C^-C-B^=:p2. 

Ex. 1003. In the line AB, to find a point C so that AC^ = 2 C?. 

Ex. 1004. In the median AD of A ABC, to find a point Xsuch that 
XD and the perpendiculars dropped from X upon AB and AC divide 
the figure into three equivalent parts. 

Ex. 1005. In a given square ABCD, to inscribe an equilateral triangle, 
having one vertex at A. 

Ex. 1006. From a point P without a circumference, to draw a secant 
which is bisected by the circumference. 

Ex. 1007. In a given square, to inscribe another square, having a given 
side. 

Ex. 1008. To inscribe a square in a semicircle. 

Ex. 1009. In the triangle ABC, to in- 
scribe a parallelogram having a given area, 
and having an angle common with A ABC, 

Ex. 1010. From the midpoint A of arc 
BC, to draw a chord AD, intersecting chord 
BC m E, so that DE is equal to a given ^^ 
" line p. 

Ex. 1011. To construct a triangle, having 
given the base, the vertical angle, and the 
bisector of that angle. (Ex. 1010.) 

Ex. 1012. Upon a given line as hypotenuse to construct a right triangle 
one of whose arms is a mean proportional between the other arm and the 
hypotenuse. 

Ex. 1013. To transform a given square into a rectangle having a pe- 
rimeter equal to twice the perimeter of the given square. 

Ex. 1014. Given two concentric circles. To draw a chord in the larger 
circle so that it equals twice the chord formed in the smaller circle. 
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MAXIMA AND MINIMA OF PLAITE FIGURSS 

439. Def. a maximum is the greatest of all magnitudes 
of the same kind ; a minimum, the smallest. 

440. Def. Isoperimetric figures are those which have equal 
perimeters. 

Proposition I. Theorem 

441. Of all triangles having given two sidesy that in 
which those tivo sides are perpendicular to ea^h other 
is a maximum. 




A 

Hyp. In A ABC and DFEy AB=DF, AC=DEy ZA=Tt. Z, 
and ZD is oblique. 

To jn^ove area ABC > area DEF. 

Proof. From E draw EG ± DF. 

Then EG < DE, (Why ?) 

or EG < AC. 

.•. A ABC and DEFhsYe equal bases and unequal altitudes. 

.-. A ABC > A DEF. (Why ?) 

.*. A ABC is a maximum. q.e.d. 



Ex. 1015. To divide a given line into two parts so that the rectangle 
contained by the segments is a maximum. 

Ex. 1016. In the hypotenuse of a right triangle to find a point so that 
the sum of the squares of perpendiculars drawn from the point upon the 
arms is a minimum. 
Q 
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Proposition II. Theorem 

442. Of all triangles having the same base and equal 
areas^ the isosceles triangle ha^ the minimum perimeter. 




A c 

Hyp. A ADC =c= A ABC, and AB = BC 

To pr(yve AB-h BC -^ACkAD + DC + AC 
Proof. Produce AB by its own length to E. 
and DE. 

BDWAC, 

(for otherwise A ABC would not be ^^AADC), 
ZEBD=ZBAC 
ZBAC = ZBCA. 
Z BCA = Z CBD, 
r. ZEBD = ZCBD. 
BC=BE, 
BD is common. 
.-. ABDC = ABDE. 
.-. DC=DE, , 
AD-\-DE>AB + BE. 
.-. AD -{- DC > AB -\- BCy 



But 
and 



But 



or adding AC, 



AC+AD-\- DC> AB + BC + AC. 



Join BD 



(Why ?) 
(Why?) 
(Why?) 
(Ax. 1.) 
(Why?) 



(Why?) 



Q.E.D. 
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Proposition III. Theorem 

443. The maximum of isopervmetrie triangles on the 
same hose is the one whose other two sides are equal. 



Bjp. A ABC Olid ABD have equal perimeters, and J.C= CB, 

To prove area ACB > area ADB. 

Proof. Draw median CE and DF II AB, meeting CE in F. 
Join FA and FB. 

Then CE is the perpendicular bisector of AB. (Why ?) 

.-. AF=FB. 

But AAFB^AADB, 

{same b<i8e, equal altittides.) 

.•. perimeter AP5 < perimeter ADB. (442) 

.-. AF -^ FB < AD -^-DB or AC + CB. 

Hence AF< AC 

.\FE<CE. (311) 

.% area AFB < area ^CB, 

(uneguaZ altitudes), 

or area -4Z>B < area ACB. q.e.d. 

444. Cor. Of all isoperimetric triangles, the equilateral 
has the maximum area. 
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Proposition IV. Theorem 

445. Of all polygons having all sides given but one, 
the maximum can he inscribed in a semicircle having 
the undetermined side as diameter. 




Eyp. Polygon ABCDEF is the maximum of all polygons 
having given the sides AF, FE, ED, DC, and CB. 

To prove ABCDEF can be inscribed in a semicircle whose 
diameter is AB, 

Proof. Join any vertex, as D, with A and B. 

Then A ADB must be the maximum of all triangles that can 
be formed with sides AD and DB. For otherwise by making 
Z ADB a right one without changing the sides AD and DB, 
we could increase A ADB without altering the remaining parts 
AFED and DCB of the polygon. Or polygon ABCDEF 
would be increased, which is contrary to the hypothesis, since 
ABCDEF is a maximum. 

.-. A ADB is the maximum of all triangles having AD and 
DB given. 

Then Z ADB is a right angle, (Why ?) 

and Z> is on a semicircumference that can be constructed on AB. 

For the same reason every vertex of the polygon must lie on 

the semicircumference. q.e.d. 



Ex. 1017. To inscribe an angle in a given semicircle so that the sum 
of its arms is a maximum. 
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Proposition V. Theorem 

446. Of all polygons constructed with the same given 
sidesj that which can be inscribed in a circle is the 
maximum. 

B' 
B 




D 




Hyp. Polygon ABCDE, which is inscribed in a circle, is 
mutually equilateral with polygon A'B'C'D'E'y which cannot 
be inscribed in a circle. 

To prove area ABODE > area A'B'C'D'E'. 

Proof. From A draw diameter AF, and join F to the two 
nearest vertices C and D. 

On C'D\ construct A C'D'F' equal to A CDF, and join A'F'. 

Area ^BCi^> area AB'C'F'. (445) 

Area FDEA > area F'D'E'A'. (445) 

.-. area ABCFDE > area A'B'C'F'D'E'. 

But A CFD = A C'F'D'. 

Then area ^BCZ>^ > area ^'5'C"Z>'^'. (Ax.5.)aE.D. 
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Proposition VI. Theorem 

447. Of all isoperimetric polygons of the same num- 
ber of sideSy the equilateral is the mxxximum. 



Hyp. ABODE is the maximum of all isoperimetric polygons 
of the same number of sides. 

To prove AB = BC= CD = DE=: EA. 

Proof. The polygon must be equilateral, for suppose any 
two sides AB and BC were not equal. 

Then construct on the diagonal AC the isosceles triangle 
AB'Cy isoperimetric with ABC, 

Area ABC would be greater than area ABC, (443) 

.*. polygon AB'CDE would be greater than the isoperimetric 
polygon ABCDE, which would contradict the hypothesis. 



Hence AB = BC, 



Q.E.D. 



448. Cor. Of all isoperimetric polygons of the same num- 
ber of sides, the maximum is regular. 



Ex. 1018. In a given segment to inscribe an angle so that the sum of its 
arms is a maximum. 

Ex. 1019. In a given semicircle to inscribe a trapezoid whose area is a 
maximum. 



MAXIMA AND MINIMA OF PLANE FIGURES 231 

Proposition VII. Theorem 

449. Of two isoperimetric regular polygons^ that 
which has the greater number of sides i^as the greater 
area. 




Hyp. Regular pentagon ABODE is isoperimetric with reg- 
ular hexagon H. 

To prove area H > area ABODE. 

Proof. Let F be any point in OD. 

ABOFDE may be considered a hexagon, having one of its 
angles equal to a straight angle. 

.-. area H > area ABODE. (Why ?) 

Q.E.D. 

450. Cor. The area of a circle is greater than the area of 
any polygon whose perimeter equals the circumference of the 
circle. 



Ex. 1020. In a given circle to inscribe a triangle, having a maximum 
perimeter. 

Ex. 1021. The circumscribed regular polygon has a smaller area than 
any other polygon circumscribed about the same circle. 

Ex. 1022. Of all equivalent parallelograms on the same base, which 
has the minimum perimeter ? 
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Proposition VIII. Theorem 

451. Of two equivalent regular polygons^ that which 
has the greater' number of sides has the smaller perim- 
eter. 






Hyp. Square A =0= regular pentagon B. 
To prove perimeter of ^ > perimeter of B, 
' Proof. Construct square C isoperimetric with B, 

Area C<area B, (449) 

or area C < area A, 

.'. perimeter of C< perimeter of A, 

.*. perimeter of B< perimeter of A. q.e.d. 

452. Cor. The eircumference of a circle is less than the 
perimeter of any equivalent polygon. 



MISCELLANEOUS EXERCISES 

Ex. 1023. If two equal lines are divided externally so that the product 
of the segments of one is equal to the product of the segments of the other, 
the segments are eqtial respectively. 

* Ex. 1024. Two triangles are equal if the base, the opposite angle, and 
its bisector of one are respectively equal to the base, the opposite augle, 
and its bisector of the other. 

Hint. — Circumscribe circles, produce bisectors until they meet the cir- 
cumference, and join the point of intersection to one end of the base.. 
(Ex.733 and Ex. 1023.) 
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Ex. 1025. If two bisectors of a triangle are equal, the corresponding 
sides are equal, and the triangle is isosceles. (£x. 1024.) 

* Ex. 1026. The square of the side of a regular pentagon increased, by 
the square of one of its diagonals is equal to five times the square of the 
radius. 

* Ex. 1027. A regular pentagon is equivalent to a rectangle having one 
side equal to 3 times the radius, and the other to { of a diagonal of the 
pentagon. 

* Ex. 1028. The product of the diagonals of an inscribed quadrilateral 
is equal to the sum of the products of the opposite sides. (Ptolemy's 
Theorem.) 

* Ex. 1029. To construct a triangle having given the three feet of the 
altitudes. 

* Ex. 1030. If pn and P„ are respectively the perimeters of an inscribed 
and circumscribed regular polygon of n sides, andj72„ and P2„ the pe^:ime^ 
ters of regular polygons of 2 w sides, respectively inscribed and circum- 
scribed about the same circle, prove that P2„ is the harmonical mean 
between pn and P„ ; i.e. 

*£x. 1031. Using the notations of Ex. 1030, prove that p2n is the mean 
proportional between pn and P2„ ; i.e. p2n = >/p«P2n. 

Ex. 1032. If circles be circumscribed about the four triangles iJ^to 
which a quadrilateral is divided by its diagonals, their centers, form the 
vertices of a parallelogram. 
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BOOK VI 

LINES AND PLANES IN SPACE— POLYEDBAL 
ANGLES 

Geometry of space or solid geometry treats of figures whose 
elements are not all in the same plane. (15) 

453. Def. a plane is a surface such that a straight line 
joining any two points in it lies entirely in the surface. (11) 

A plane is determined by given points or lines, if only one 
plane can be drawn through these points or lines. 

Proposition I. Theorem 

454. A plane is determined : 

(1) By a straight line and a point without the line. 

(2) By three points not in the same straight line. 

(3) By two intersecting straight lines. 

(4) By tioo parallel straight lines. 
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(1) To prove that a plane is determined by a given straight 
line AB and a given point C 

Turn any plane EF passing through AB about AB as an 
axis until it contains C 

If the plane, so obtained, be turned in either direction, it 
would no longer contain C. 

Hence, the plane is determined by AB and C. 

(2) To prove that three given points A, B, and C determine 
a plane. 

Draw AB. Then AB and C determine the plane. (Case 1.) 




(3) To prove that two intersecting straight lines AB and 
AC determine a plane. 
[Proof by the student.] 



(4) To prove that two parallel lines AB and CD determine 
a plane. 

The parallel lines AB and CD lie in the same plane by 
definition. 

Since AB and the point C determine a plane, the two 
parallels determine a plane. 

455. Cor. The intersection of two planes is a straight line. 

For the intersection cannot contain three points not in a 
straight line, since only one plane can be passed through three 
such points, 
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456. Def. The foot of the line intersecting a plane is the 
point of intersection. 

457. Def. A straight line is perpendicular to a plane if it is 
perpendicular to every line drawn through its foot in the plane. 

458. Def. A plane is perpendicular to a line if the line is 
perpendicular to the plane. 

459. Def. A straight line and a plane are parallel if they do 
not meet, however far they may be produced. 

460. Def. Two planes are parallel if they do not meet, how- 
ever far they may be produced. 

Proposition II. Theorem 

461. If a straight line is perpendicular to ea^h of 
two lines at their point of intersectiouy it is perpen- 
dicular to the plane of those lines. 




F 

Hyp. AB is X to BC and BD at B. 

To prove AB is X to the plane MN containing BC and BD, 

Proof. In plane MN draw any line BE through B. 
Draw CD meeting BE in E and produce AB to F, so that 
BF^AB. 

Draw ACy AE, AD, CF, EF, and DF. 
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Since BC is ± to AF at its midpoint, AC = FC, 



Similarly 



Hence 



and 



AD = DF, 

CD is common. 

A ACD = A CDF. 

•. Z ACD = Z i^'CZ), 

AACE = AFCE. 



(Why?) 



(Why?) 



Then, since E and 5 are respectively equidistant from A and 
Fy BE is ± to AF. (Why ?) 

Hence, -45 is X to any line passing through its foot in the 
plane MN, and is therefore ± to the plane. q.e.d. 

Proposition III. Theorem 
462. All the perpendicular^^ that can be drawn to a 
straight line at a given point lie in a plane perpendicu- 
lar to the line at that point. 




Hyp. AB is ± to BC, BD, and BE at B. 

To prove BC, BD, and BE lie in a plane ± to AB. 

Proof. Pass a plane 3/iV through BD and BE. 

Then AB is ± to MN. (Why ?) 

Let the plane containing AB and BC intersect MN in BC 

Then £C" is ± to AB. (Why ?) 
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But BCis± to AB. 

But in the plane ABCy only one perpendicular can be drawn 

upon AB at B, 

Hence BC and BC coincide, and BC lies in the plane MN. 

aE.D. 

483. Cor. 1. Through a point C, to pass a plane per- 
pendicular to a line AB, draw CD perpendicular, to AB in 
plane ABC, meeting AlB in D, At D, in any other plane than 
ABC, draw Z>-F perpendicular to AB. Then the two perpen- 
diculars DC and Z>F determine a plane perpendicular to AB. 

464. Cob. 2. At a given point in a straight line, one and 
only one plane can be drawn perpendicular to the straight line. 

465. Cor. 3. Through a point without a straight line, one 
plane and only one can be drawn perpendicular to that line. 



Ex. 1033. The locus of a point in space equidistant from the ends of a 
line is a plane perpendicular to the line at its midpoint. 

Proposition IV. Theorem 
486. If three planes intersect each other j the lines of 
intersection either meet in a point or are parallel. 

o^- ^ d 




Hyp. AD, CF, and BE are three planes intersecting respec- 
tively in CD, AB, and EF. 
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To prove AB, CD, and EF either meet in a point or are 
parallel. 

Proof. AB and EF lie in a plane. 

Hence, they either meet or are parallel. 

I. Suppose they meet (produced) in 0. being a point of 
AB lies in plane AD, and being a point of FE lies in plane CF, 

Therefore, must lie in the intersection of planes AD and 
CFy or in the line CZ>; that is, CD (produced) must pass 
through 0. 

B^ -^ , A 




II. Suppose AB and EF are parallel. 

Then CD cannot meet AB, for otherwise FE would have to 
meet AB, (Case I.) 

Hence CD and AB, which lie in the same plane, must be 
parallel. 

Similarly CD is parallel to EF, q.e.d. 

467. Cor. If two lines AlB and CD are parallel to a. third 
line EF, then AB and CD 
are parallel. 

Pass plane AF through AB 
and EF, plane Ci^ through 
C/) and EF, and plane -4Z> 
through AB and point i>. 

Let planes AD and CF 
intersect in i>(7. 

Then i>C is parallel to FJ5:. (466) 

Hence DC and /)(7 coincide, (Ax. 11.) 

and BA and DC are II. qe.d. 
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Proposition V. Theorem 

468. If two anglesy not in the same plane, have their 
sides parallel and lying in the same direction^ they are 
equal. 




Hyp. The sides of the angles ABC and A'B'C are respec- 
tively parallel and lie in the same direction. 

To prove Z ABC = Z A'B'C. 

Proof. Take AB = A'B' and BC = B'C. 

Draw AA\ BB', CO, AC, and A'C, 

AB' is a parallelogram. (Why ?) 

BC is a parallelogram. (Why ?) 

Hence AA is equal and parallel to BB\ 

and BB' is equal and parallel to (7(7. 

Therefore -4^' is equal and parallel to (7(7. (Ax. 1.) (467) 

Whence AA'OC is a parallelogram, 

and AC = AC. 

.-. A ^B(7 = A A^BC. (Why ?) 

.'. Z-B^Z.B\ Q.E.D. 
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Proposition VI. Theorem 



469. If one of two parallel lines is perpendicular to 
a plancy the other is also perpendicular to the plane. 




Hyp. AB is || to CD, and AB is ± to plane MN. 

To prove CD is ± to plane MN, 

Proof. In the plane MN through B and D respectively draw 
two parallel lines BE and BF. 



Then 

But 

Hence 



ZABE = ZCDF. 
Z ABE is a rt. Z. 
Z CDF is B, Tt, Z, 



(Why?) 



and CD is perpendicular to any line drawn through its foot. 
Whence CD is ± to plane MN, q.e 



.. Ex. 1034. If ^^CZ>.is a quadrilateral in space {i.e. Aj B, (7, and D 
do not lie in the same plane) and AB = BC, CD = DA^ then plane angle 
A is equal to plane angle C. 

Wl 1035. A line joining the midpoints of two adjacent sides of a 
quadrilateral in space is equal and parallel to a line joinmg the midpoints 
of the other two sides. 
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Proposition VII. Problem 



470. Through a given pointy to draw a line perpen- 
dicular to a given plane. 




Given. Plane PQ and point A. 

Required. Through A, to draw a line ± to PQ. 

Construction. In PQ, draw any line BC. 
Through A construct a plane AM 1. BC intersecting PQ 
in DH, 

Through A in the plane AM drsiW AF ± DH. 
AF is the required perpendicular. 

Proof. Through the foot of AF (F in Fig. I and A in Fig. 
II) in plane PQ draw IK || to BC, 

Since BO is ± to plane AM, (Con.) 

and BC is || to IK, 

.-. IK is ± to plane AM, (469) 

.-. FA is ± to IK (Why ?) 



LINES AND PLANES IN SPACE 



243 



But 



FA is ± to DH. 
.-. FA is 1. to plane PQ. 



(Con.) 



471. Cob. 1. Through a given point, one and only one 
perpendicular can be drawn to a given plane. 

• For if there were two perpendiculars passing through the 
point, their plane would intersect the given plane in a straight 
line, perpendicular to both perpendiculars. Or, in a plane, 
there would be two perpendiculars to a given line, through 
a given point, which is impossible. 

472. Cor. 2. If two lines are perpendicular to the same 
plane, these lines are parallel. 



B 



Let 

Draw 

Then 



AB and CD be ± to plane MN. 

DC II to AB, 

Da is ± to MN. 



But through D only one perpendicular can be drawn upon 
MN. 

Hence DC and DC coincide, and DC is || to AB, 



Q.E.D. 



Ex. 1036. The lines joining, in succession, the midpoints of the sides 
of a quadrilateral in space enclose a parallelogram. 

Ex. 1037. The lines joining the midpoints of opposite sides of any 
quadrilateral in space bisect each other. 
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Proposition VIII. Theorem 

473. Ify from a point without a plane^ oblique lines 
he drawn to the plane : 

(1) Those meeting the plane at equal distances from 
the foot of the perpendicular are equal. 

(2) Of the two lines meeting the plane at unequal 
distances from the foot of the perpendiculary the mx)re 
remote is the greater. 

E 




Hyp. EA is ± to plane MN, Oblique lines EB, EC, and 
ED are drawn so that AB = AC and AD > AC. 

To prove (1) EB = EC. 

(2) ED > EC. 

Hint. — 1. Prove by means of equal triangles 

2. EEP = EA^ + AL^, EC^ = EJ? ■\' Ad^. 

474. CoR. 1. Conversely, equal oblique lines drawn from a 
point to a plane meet the plane at equal distances from the 
foot of the perpendicular from the point to the plane, and 
of two unequal oblique lines, the greater one meets the plane 
at a greater distance from the foot. 

476. Cor. 2. The locus of a point in space that is equi- 
distant from all the points in the circumference of a circle is a 
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straight line perpendicular to the plane of the circle, and 
passing through the center of the circle. 

476. Cor. 3. The perpendicular to a plane is the shortest 
line that can be drawn to the plane from a point without. 

477. Def. The distance of a point from a plane is the length 
of the perpendicular to that plane. 

Proposition IX. Theorem 

478. TJie intersections of two parallel planes with a 
third plane are parallel. 



Hyp. The parallel planes MN and PQ are intersected by 
a third plane ES in AB and CD, respectively. 

To prove AB II CD, 

Proof. AB and CD cannot meet, for otherwise planes MN 
and PQ would meet. 

AB and CD lie in the same plane. 

Hence AB is II to CD. q.e.d. 

479. Cor. 1. Parallel lines included between parallel planes 
are equaL 



246 SOLID GEOMETRY 

480. Cob. 2. Two parallel planes are everywhere equally 
distant. 

Ex. 1038. What is the locus of a point having a given distance from a 
given plane ? 

Proposition X. Theorem 

481. Any plane containing one, and only onej of two 
parallel lines is parallel to the other line. 




Hyp. AB is II to CD, and plane MN contains CD, 

To prove plane MN is II to AB. 

Proof. AB and CD determine a plane, intersecting MN in 
CD. 
Hence, if AB meets MN, it must meet MN in CD. 
But, since AB li CD, this is impossible. 

Hence plane MN is II to AB. q.e.o. 

482. Cor. 1. Through a given straight line a plane can be 
passed parallel to any other given straight line; and if the 
lines are not parallel, only one such plane can be drawn. 

483. Cor. 2. Through a given point a plane can be passed 
parallel to any two given straight lines in space ; and if the 
lines are not parallel, only one such plane can be drawn. 



LINES AND PLANES IN SPACE 



247 



Pkoposition XI. Theorem 

484. A line parallel to a plane is parallel to the 
intersection of this plane with any plane passing 
through the line. 




B 



Hyp. Plane MNis II to AB, 

To prove any plane AC containing AB intersects MN in CD 
so that CD is II to AB. 

Proof. AB and CD cannot meet, for otherwise AB would 
meet the plane MN. 

AB and CD are in the same plane. 

Hence AB is II to CD, qe.d. 

486. CoR. 1. If each 
of two intersecting lines 
is parallel to a given 
plane, their plane is par- 
allel to the given plane. 

Let AB and -4C be 
parallel to MN. If 
plane ABC should in- 
tersect MN, the inter- 
section would be paral- 
lel to both AB and AC, 
which is impossible. 






248 



SOLID QEOMETRT 



486. Cor. 2. If two angles ABC and A*B^C have their sides 
respectively parallel, their planes are parallel. 




Since AB is II to A^B\ plane A'B'C is II to AB, and, similarly, 
is II to BC. 

Hence planes ABC and ABO are parallel. (Cor. 1.) 



Ex. 1039. If a line is parallel to a plane and parallel to another line, 
the second line is parallel to the plane. 

Ex. 1040. Find the locus of a point equidistant from three given 
points. 

Ex. 1041. A line parallel to two intersecting planes is parallel to the 
intersection of these planes. 

Ex. 1042. What is the locus of a point equidistant from two parallel 
planes ? 

Ex. 1043. To construct a line parallel to two intersecting planes. 

Ex. 1044. The midpoints of two opposite sides of a quadrilateral in 
space and the midpoints of the two diagonals determine the vertices of a 
parallelogram. 

Ex. 1045. The lines joining the midpoints of the opposite sides of any 
quadrilateral in space and the line joining the midpoints of the diagonals 
meet in a point. 
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Proposition XII. Theorem 

487. If two straight lines are cut by parallel planes^ 
their corresponding segments are projwrtional. 




Hyp. Parallel planes MN, PQ, and RS are intersected by 
two straight lines in A, JB, C and Z>, E, F, respectively. 
To prove AB :BC=DE: ER 

Proof. Draw AF, and pass a plane through ^C and AF, 
intersecting the planes PQ and ES in BG and CF, respectively. 
Then CF is II to BG. (478) 

By passing a plane through AF and DF, it follows, similarly, 
GE is II to AD, 
AB^AG 
BC GF' 
DE^AG 
EF GF 
AB^DE 
" BC EF 



Hence 



and 



(Why?) 
(Why?) 

(Ax. 1.) QE.D. 



488. Cor. If through any point straight lines are drawn 
intersected by two parallel planes, their corresponding segments 
are proportional. 
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Proposition XIII. Theorem 
489. Planes perpendicular to the same straight line 
are parallel to each other. 







Hyp. Planes MN and PQ are perpendicular to line AB. 
To prove MN is II to PQ, 

HiKT. — Apply the indirect method and (98). 

Proposition XIV. Theorem 
490. A straight line perpendicular to ons of tioo 
parallel planes is perpendicidar to the other also. 




Hyp. Plane MNis II to plane PQ, and ^4.8 is ± to plane MJST, 
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To prove AB is i. to PQ. 

Proof. Through AB pass any plane intersecting MN in AC 
and PQ in BD, respectively. 

AC '\^ W \x> BD, (478) 

and AC \^ JL to AB, (461) 

Hence BD is ± to AB. (88) 

Therefore -4JB is perpendicular to any line in PQ passing 
through B, 

Whence AB is ± to plane PQ. q.e.o. 

491. CoE. Through a given point, one plane and only one 
may be passed parallel to a given plane. 



Ex. 1046. If two planes are parallel to a third plane, they are parallel 
to each other. 

DIEDRAL ANGLES 

492. Def. a diedral angle is the opening between two planes 
intersecting in a straight line. 

The edge is the line of intersection, and the faces are the 
intersecting planes. 

Thus, in the diedral angle formed by A 

the planes AC and BE, BC is the edge 
and AC and BE are the faces. 



493. A diedral angle may be desig- 
nated by two letters on its edge ; or if 
several diedral angles have a common 
edge, by four letters, one on each face, 
and two on the edge, the letters on the 
edge being placed between the others. 

Thus, the diedral angle in the annexed 
diagram may be designated by BC or 
ABCE. 



r^^^^m 



.-'-b 
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494. Def. The plane angle of a diedral angle is the angle 
formed by perpendiculars to the edge at some point, one in 
each face. 

Thus, CDE is a plane angle of diedral 
angle AB if CD is perpendicular to AB and 
ED is perpendicular to AB. 

Two plane angles of the same diedral 
angle, as CDE and FGHj are equal, since 
their sides are respectively parallel. 

Or, the plane angle of a diedral angle is 
the same, at whatever point of the edge it is 
drawn. 

The size of a diedral angle does not depend upon the extent 
of its faces, but upon the difference of their positions. 

495. Two diedral angles are equal when they can be made to 
coincide. 

By superposing two equal diedral angles, their plane angles 
can be made to coincide. 

496. A diedral angle is acute, right, obtuse, or straight, 
according as its plane angle is acute, right, obtuse, or straight. 

It is evident that the two faces of a straight diedral angle 
lie in the same plane. 

Diedral angles are complementary, supplementary, adjacent, 
etc., according as their plane angles are complementary, sup- 
plementary, adjacent, etc. 

If a plane meets another 
plane so as to make the two 
adjacent diedrals equal, 
each diedral is evidently 
a right one. 

497. Planes forming 
right diedral angles are said 
to be perpendicular to each 
other. Thus, plane CD is 
perpendicular to plane AB if they form right diedral angles. 
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498. Def. The projection of a point on a plane is the foot 
of the perpendicular drawn from that point upon the plane. 

The projection of a line upon a plane is the locus of the pro- 
jection of all the points of the line. 

Proposition XV. Theorem 

499. Two diedral angles are equal if their plane 
angles are equal. 




yD 




)D' 



Hyp. The diedral angles AB and A^B^ have equal plane 
angles CBD and C'B'D' respectively. 

To prove diedral angle AB = diedral angle A'B\ 

Proof. Since ^B is ± to BD and ± to JBC, 
AB is ± to plane BDC. 

And, similarly, A'B' is ± to plane B'DV'. 

Apply ' plane Z D5(7 to Z D'B'(7. 

Then B coincides with B', 

and plane BDC coincides with plane B^UC 

Hence BA coincides with B'A\ 

Since BA coincides with B^A\ 

and DB coincides with D^B\ 

plane AD coincides with plane AD\ 



(471) 
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In like manner it may be proved that plane AC coincides 
with plane A'C 

Hence, diedral angles AB and A'B' coincide. ato. 

Therefore they are equal. 



Ex. 1047. Vertical diedral angles are equal. 

Ex. 1048. If two parallel planes are intersected by a third one, (a) the 
corresponding diedral angles are equal, (6) the alternate diedral angles 
are equal. 

Ex. 1049. State and prove the converse of Ex. 1048. 



Proposition XVI. Theorem 



600. Two diedral angles have the same ratio as their 
plane angles. 





Hyp. A ABC and A'B'C are respectively the plane angles 
of diedral angles ABDC and A'B'D'C. 

ABDC __ ZABC 
To prove A'B'D'C " Z A^B'C 

Proof. Case I. Angles ABCsLud A'B'C are commensurable. 
Apply a common measure P to these angles and let P be 
contained in ABC m times, and in A^B'O n times. 
/.ABC _m 
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Through the lines of division draw planes which contain BD 
and B'B'y respectively. 

These planes divide ABDC into m and A'B'CD' into n 
equal parts. 

ABDC m 



Therefore 
Hence 



A'B'D'C n 
ABDC ^ A ABC 
A'B'D'C Z A'B'C' 



Q.E.D. 



Case II. Angles ABC and A*B'0 are incommensurable. 
Divide Z ABC into any number of equal parts and apply 
one of the parts to Z A^BO as often as possible. 

[To be completed by the student, who may compare 280, 
Bk. III.] 

601. CoR. A diedral angle is measured by its plane angle. 



Proposition XVII. 



Theorem 

502. If a straight line is perpendicular to a plane, 
every plane passed through this line is peipendicular 
to the plane. 




Hyp. AB is ± to plane MN, 

To prove that plane EC containing AB is ± to MN, 

Hint. — In plane ifiVat B, draw BF ± to CD, and prove that Z ABF 
is a right one. 
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Pboposition XVIII. Theorem 

603. If two planes are perpendicular to each otheVj 
a straight line drawn in one of them, perpendicular to 
their intersection, is perpendicular to the other. 




Hyp. Plane CE is J. to plane MN, and in CE line BA is J. 
to CD, the intersection of the two planes. 

To prove AB is J. to plane MN, 

Hint. — AXB construct the plane angle and prove that AB is ± to two 
lines drawn through its foot. 

604. Cor. 1. If two planes are perpendicular to each other, 
a perpendicular to one of these, at any point of their intersec- 
tion, lies in the other. 

[Prove by indirect method.] 

605. Cor. 2. If two planes are perpendicular to each other, 
a straight line drawn from any point of one, perpendicular to 
the other, lies in the first. 

[Prove by indirect method.] 



Ex. 1050. If the opposite sides of a quadrilateral in space are equal, 
the opposite plane angles are equal. 

Ex. 1051. Three points not in a straight line each equidistant from 
the ends of a given line determine a perpendicular bisecting plane of the 
given line. 
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Pboposition XIX. Theorem 

506. If two intersecting planes are ea>ch perpendicu- 
lar to a third plane^ their intersection is perpendicular 
to that plane. 




Hyp. The planes PQ and RA, intersecting in ABy are per- 
pendicular to plane MN, 

To prove AB is ± to MN, 

Proof. At A draw a straight line ± to MK 

This line must lie in plane PQ and in plane EA, (504) 



Hence it must coincide with AB, 

Or AB is ± to plane MN. 



QE.D. 



607. Cor. If a plane is perpendicular to two other planes, 
perpendicular to each other, the intersection of any two planes 
is perpendicular to the third plane and perpendicular to the 
other intersections. 



Ex. 1052. If a line is parallel to a plane, any other plane perpendicu- 
lar to the line is perpendicular to the plane. 

Ex. 1053. If two parallel planes are intersected by a third one, 
the interior angles on the same side of the third plane are supple- 
mentary. 
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Proposition XX. Theorem 



508. Every point in a plane bisecting a diedral angle 
is equidistant from the faces of the angle. 




Hyp. Plane CB bisects diedral Z ABED, and FG and FH 
are the respective distances of a point F in BC, from AB 
and BD. 

To prove FH=FG. 

Proof. Through FG and FH pass a plane intersecting the 
faces in EG and EH. 

plane FGH is ± to AB and to /)5. (502) 

Therefore plane FGH is J. to BE, (506) 

Hence EB is ± to EG, EF, Bind EH, (461) 

.-. G^^F and HEF are the plane angles of diedral angles 
ABEC and DBEC, 

[To be completed by the student. Compare Remark 73.] 



Ex. 1054. The locus of a point equidistant from two intersecting planes 
consists of the two planes bisecting the diedral angles formed by the 
planes. 

Ex. 1055. Find the locus of a point equidistant from two given inter- 
secting lines (in space). 
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509. Through any given straight line not perpen- 
dicular to a plane, one plane can he passed perpen- 
dicular to that given plaiie, and only one. 




Hyp. AB is a line not X to plane MN. 

To prove through AB one, and only one, plane can be passed 
JL to MK 

Proof. From any point C in AB, draw CD JL to MN. 

Pass a plane AE through AB and CD, 

Then plane ^ID is ± to MN. (502) 

If any other plane could be passed through AB ± to MN, 
AB, their intersection, would be perpendicular to MN (506) 

But this is impossible since it contradicts the hypothesis. 

Hence, only one plane can be drawn perpendicular to MN 
and passing through AB. q.e.o. 

510. Cor. The projection of a line not perpendicular to a 
plane upon that plane is a straight line. 



Ex. 1066. If the projection of a figure upon a plane is a straight line, 
the figure is a plane figure. 

511. Def. The inclination of a line to a plane, or the angle 
made by a line and a plane, is the angle which the line forms 
with its own projection upon that plane. 
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Proposition XXII. Theorem 

512. The acute angle formed by a line and its pro- 
jection upon a plane is the least angle which the line 
makes with any line in the plane. 




Hyp. The line AC is the projection of line AB upon plane 
MNj and AB is any other line drawn through A in MN, 

To prove Z BAC < Z BAD, ^ 

Proof. Make AD = AC and draw BD. 
In A ABC SiudABD, 

AB is common, 

AC = AD, 

BC<BD, (Why?) 

Hence ZBAC<ZBAD, (Why?) q.e.d. 



Ex. 1057. In the diagram for Prop. XXII, if, in plane MN, AF be 
drawn perpendicular to -40, prove that ZBAF is a right angle. 

Ex. 1058. In the diagram for Prop. XXII, if ^C = 3 inches, ZBAC = 
60^, and Z CAD = 90°, find the length of BD. 

Ex. 1059. The inclinations of two parallel lines to a plane are equal. 
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Proposition XXIII. Problem 
513. To draw a common perjjendicular to two lines 
not in the same plane. 




Given. Lines AB and CD not in the same plane. 

Required. To draw a common perpendicular to AB and CD. 

Construction. Through CD draw plane MN parallel to AB. 

Through AB draw plane AF 1. to MN, intersecting MN in 
EF, and let G be the intersection of EF and CD. 

At O, in plane AF, draw GK A. to EF, meeting AB in K. 

Then GK is the required perpendicular. 

Proof. Since EF and AB are parallel, and GK is J. to EF, 
GK must be J. to AB. (88) 

But GK is ± to JfAT. (503) 

.-. G^^isXto CD. Q.E.F. 

514. CoR. Only one common perpendicular can be drawn 
to two lines not in the same plane. 

For, suppose there was another common perpendicular HD, 
it can easily be demonstrated that there would be two perpen- 
diculars, HD and HI, from the point H to the plane JOT, which 
is impossible. 
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616. Def. a polyedral angle or a solid angle is formed by 
three or more planes meeting in a point. 

516. Def. The vertex of a polyedral angle is the common 
point in which the planes meet ; the edges are the intersections 
of the planes ; the faces are the planes bounded by the edges ; 
and the face angles are the angles 
formed by the edges. 

Thus, if three planes ABVy BCV, 
and -4CFmeet in F, Fis the vertex, 
VAy VBy and VC are the edges, the 
planes AVB, BVC, CVA are the 
faces, and the angles AVB, BVC, 
CVA are the face angles of the 
polyedral angle V-ABC 

The magnitude of a polyedral 
angle depends upon the relative positions of its faces and not 
upon their extent. 

In a polyedral angle each pair of adjacent faces forms a 
diedral angle, and each pair of adjacent edges forms a face 
angle. The face angles and the diedral angles are called the 
parts of the polyedral angle. 

517. Def. A polyedral angle is convex if any section made 
by a plane intersecting all its faces is a convex polygon. 

518. Def. A polyedral angle is called triedral, tetraedral, 
etc., according as it has three, four, etc., faces. 

519. Def. A polyedral angle is called rectangular, bi- 
rectangular, or tri-rectangular, according as it has one, two, 
or three, right diedral angles. 

520. Def. An isosceles triedral angle is one, two of whose 
face angles are equal. 
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521. Two polyedral angles are equal if the face and diedral 
angles of the one are respectively equal to the face and diedral 
angles of the other one, and all the parts are arranged in the 
same order (for evidently they can be made to coincide). 

Two polyedral angles are symmetrical if the face and diedral 
angles of the one are respectively equal to the face and diedral 
angles of the other, and all parts are arranged in reverse order. 




Thus, in Fig. 1 the triedral Z F-^^C = triedral ZV'-A'B'C 
if ZAVB=ZA'V'B',Z.BVC=ZBTC', Z CVA=Z CV'A', 
and diedral Z^F= diedral ZA'V, diedral Z 5 F= diedral 
Z BT, and diedral Z CV= diedral Z C'F'. 

While in Fig. 2 V-ABC and V'-A'B'C are symmetrical. 

It is obvious that, in general, two symmetrical polyedral 
angles cannot be made to coincide. 



Ex. 1060. If in diagram for 616, VA = VB = VC= AB = BC=: CA, 
construct (by means of a plane construction) a diedral angle. 

Ex. 1061. If in the same diagram ZAVB = ZBVC and A AVE and 
AVC are given, find (by a plane construction) diedral angle VB. 

Ex. 1062. Find (by a plane construction) the diedral angles of any 
triedral angle, if the face angles are given. 
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Proposition XXIV. Theorem 

622. The sum of any tioo face angles of a triedral 
angle is greater than the third face angle. 




Hyp. Z.AVO is the greatest face angle of triedral angle 
r-ABC. 

To prove ZAVB + ABVG> ^AVC. 

Proof. In the face AVC draw VD equal to VB, making 

Z.DVA = Z.BVA. 

In the face AVC, draw AC through D. 
Draw AB and BC 



Then AAVB = AAVD. 

But AB'{'BC>AC. 

Subtracting the equals AB and AD, 
BODC. 

But in the ABVC and DVC, 

VC is common, 
VD^VB, 
and BC>DC 

Hence ZBVC>ZDVa 



(Why?) 
(Why?) 



(Why?) 
(Why?) 
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Adding the equal angles AVB and AVD, 

ZAVB-i^Z.BVC>^DVC+ZAVD, 
or ZAVB + ZBVC>ZAVC. 
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Q.E.D. 



Ex. 1063. In the diagram for Prop. XXIV, 

/:AVD-\-ZDVB<ZAVC-hZCDB. 

* Ex. 1064. In the same diagram, if ^ is a point in AABC, 

ZAVE+zlBVE + ZCVEKZAVB-^.ZBVC-hZCVA, 

but >i(ZAVB + ZBVC + ZCVA). 

Ex. 1065. In the diagram for Prop. XXII, if in plane MNAFhe drawn 
80 as to make Z FAC obtuse, then Z FAB is obtuse. 



Proposition XXV. Theorem 

523. The sum of the face angles of any convex poly- 
edral angle is less than four right angles. 




Hyp. V-ABCDE is any convex polyedral angle. 
To prove the sum of A AVB, BVC, etc., is less than four 
right angles. 

Proof. Construct a plane intersecting the edges in A, B, C, 
etc., the faces in AB, BC, CD, etc. Then ABODE is a 
convex polj^gon. 
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Join any point in plane ABC to A, B, C, etc. 
Then Z VBA + Z VBC > Z ABO, 

and Z VCB -f Z VCD > Z BCD, etc. (522) 

Therefore the sum of all the base angles of the triangles 
whose vertex is V is greater than the sum of all the base 
angles of the triangles whose vertex is 0. 

But the sum of all the angles of the triangles whose vertex 
is V is equal to the sum of all the angles of the triangles whose 
vertex is 0. (Why ?) 

Subtracting the base angles from the equal sums, the sum of 
all the angles at V is less than the sum of all the angles at 0. 

But the sum of all the angles at is equal to four right 
angles. 

Whence, the sum of all the angles at V is less than four right 
angles. q.e.d. 

Proposition XXVI. Theorem 

524. Two triedral angles are equal if twofaee angles 
and the included diedral angle of the one are respec- 
tively equal to two face angles and the included diedral 
angle of the other^ the equal parts being arranged in 
the same order. 

[Proof by superposition.] 

Proposition XXVII. Theorem 

525. Tico triedral angles are equal if two diedral 
angles and the included face angle of the one are 
respectively equal to two diedral angles and the in- 
cluded face angle of the other, all equal parts being 
arranged in the same order. 

[Proof by superposition.] 
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Pboposition XXVIII. Theobem 

526. Two triedral angles are equal if the three faee 
angles of the one are respectively equal to the three 
face angles of the other, and all are arranged in the 
same order. 




Hyp. In triedral angles V-ABC and V-A'B'C\ 
/.AVB = ZA'VB', ZBVC=ZB'raj 
and ZCVA=:ZaV'A'. 

To prove V-ABC = r-A'B'C. 

Proof. On the six edges lay off 

VA = VB = VC= V'A' =V'B'=VC\ 
Draw AB, BC, CA, A'B', B'C\ and 0'A\ 



Then 


AAVB=:AA'V'B', 


and 


AB = A'B'. 


In like manner, 


BC=B'C', 


and 


CA=C"A'. 



(Why?) 



On AV and A^V\ respectively, lay off AD equal to A'D\ 
Draw DE in face AVB, and DF in face AVC, perpendicular 
to VA. These lines meet AB and BO, respectively, since tri- 
angles AVB and AVC are isosceles. 
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In like manner, draw D'E' and D'F'y and join EF and E'F', 
[To be completed by the student.] 

Hint. —Prove A ABC = A A'B'C. 

AADE = AA'D'E'. 
AADF=AA'D'F', 
AAEF=AA'E'F'. 
ADEF = AD'E'F'. 

527. Def. Vertical polyedral angles are polyedral angles 
which have a common vertex, and the edges of one are pro- 
longations of the edges of the other. 

Proposition XXIX 

528. Two triedral angles are symmetrical : 

(1) If two face angles and the included diedral angle 
of the one are respectively equal to two face angles and 
the included diedral angle of the other^ 
or, (2) If two diedral angles and the included face angle 
of the one are respectively equal to tioo diedral angles 
and the included face angle of the other ^ 
or, (3) Three face angles of the one are equal respec- 
tively to three face angles of the other ^ 
provided all equal parts are arranged in reverse order. 




Proof. If A and B are the given triedral angles, construct 
triedral angle C symmetrical to A, 
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Since C and A have all parts arranged in reverse order, C 
and B have all parts arranged in the same order. 

Hence C=B, 

But since C is symmetrical to A, its equal B is symmetrical 
to A. aE.D. 

629. CoR. Vertical triedral angles are symmetrical. 



Ex. 1066. Vertical polyedral angles are symmetrical. 

EXERCISES 

Ex. 1067. If two face angles of a triedral angle are equal, the opposite 
diedral angles are equal. 

Ex. 1068. Find the locus of a point, having a given distance from a 
given plane. 

Ex. 1069. Planes bisecting supplementary adjacent diedral angles are 
perpendicular to each other. 

Ex. 1070. The projections of parallel lines upon the same plane are 
parallel. 

Ex. 1071. The bisectors of the three diedral angles of a triedral angle 
meet in the same straight line. 

Ex. 1072. A line is twice as long as its projection upon a plane. What 
is the inclination of the line to the plane. 

Ex. 1073. If the three face angles of a triedral angle are equal, the 
three diedral angles are equal. 

Ex. 1074. If the opposite face angles of a tetraedral angle are equal, 
the opposite diedral angles are equal. 

Ex. 1075. If the three face angles of a triedral angle are right angles, 
the three diedral angles are right ones (a tri-rectangular triedral angle). 

Ex. 1076. The bisecting planes of alternate interior diedral angles 
made by parallel planes are parallel to each other. 

Ex. 1077. If a straight line intersects two parallel planes, it makes 
equal angles with both planes. 

Ex. 1078. In a triedral angle, the greater face angle is opposite the 
greater diedral angle. 

Ex. 1079. If the sum of the four angles of a quadrilateral is equal to 
four right angles, its vertices lie in a plane. 

Ex. 1080. The common perpendicular is the shortest distance that can 
be drawn between two straight lines not in the same plane. 
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POLYEDRONS, CYLINDERS, AND CONES 



POLYEDRONS 

530. Def. a polyedron is a solid bounded by planes. The 
faces of a polyedron are the bounding planes ; the edg^es are the 
intersections of the faces ; and the vertices are the intersections 
of the edges. 




531. Def. A tetraedron is a polyedron of four faces; a 
hexaedron, one of six faces ; an octaedron, one of eight faces ; 
a dodecaedron, one of twelve faces ; an icosaedron, one of twenty 
faces. 

Note. — The least number of faces that a polyedron can have is four; 
for three planes intersecting in a common point form a triedral angle, and, 
therefore, one more plane is needed to form a solid. 

532. Def. A diagonal of a polyedron is the straight line 
joining any two vertices not in the same face. 

633. Def. A conyex polyedron is one, every section of 
which is a convex polygon. 

Note. — All the polyedrons treated of in this book are convex. 
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PRISMS AND PARALLELOPIPEDS 

534. Def. a prism is a polyedron, two of whose faces are 
equal polygons in parallel planes, and 
whose other faces are parallelograms. 
The bases of a prism are the equal 
polygons ; the lateral faces are the par- 
allelograms ; the lateral edg^es are the 
intersections of the lateral faces ; and 
the lateral area is the sum of the areas 
of the lateral faces. 

From definition we have tJie lateral edges of a prism are equal 
and parallel 

536. Def. The altitude of a prism is the perpendicular 
distance between the planes of the bases. 

636. Def. A right prism is a prism 
whose lateral edges are perpendicular 
to the planes of the bases. In a right 
prism each lateral edge is equal to the 
altitude. 

537. Def. A regular prism is a right 
prism whose bases are regular polygons. 

638. Def. An oblique prism is a prism whose lateral edges 
are not perpendicular to the planes of the bases. 

A prism is triangular, quadrangular, 
etc., according as its bases are triangles, 
quadrilaterals, ete. 

639. Def. A truncated prism is the 
part of a prism included between a 
base and a section made by a plane 
not parallel to the base and cutting all 
of the lateral edges. 
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540. Def. a right section of a prism is a section made by 
a plane perpendicular to all the 
lateral edges of the prism. 

541. Def. A parallelopiped is a 

prism whose bases are parallelo- 
grams; hence one, all of whose 
faces are parallelograms. 

542. Def. A right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to the bases. 

643. Def. A rectangular parallelopiped is a right parallelo- 
piped whose bases are rectangles-, hence all of whose faces are 
rectangles. 





644. Def. A cube is a parallelopiped all of whose faces are 
squares. 

Proposition I. Theorem 

545. The sections of a prism made by parallel planes 
cutting all the lateral edges are equal polygons. 
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Hyp. KM is a prism intersected by parallel planes AD and 
A'D', cutting all the lateral edges. 

To prove section AD = section A'D'. 

Proof. AB, BC, CD, etc., are parallel to A'B', B'C, CD', 
etc., respectively. (Why?) 

.-. AABCy BCD, etc., ar^ equal to AA'B'C, B'CD', etc., 
respectively. (Why ?) 

AB, BC, CD, etc., are equal respectively to A'B', B'C, 

C'E', etc. (Why?) 

.'. section AB = section A'B'. (1^9) aE.o. 

546. Cor. Every section of a prism made by a plane paral- 
lel to the base is equal to the base. 

Proposition II. Theorem 

647. The lateral area of a prism is equal to the prod- 
uct of the perimeter of a right section and a lateral 
edge. 



I 




Hyp. AI is a prism, S its lateral area, E a lateral edge, and 
P the perimeter of right section DO. 

To prove S = PxE. 
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Proof. HA=KB==MC = etc. (Why ?) 

DG ± to BK, GF±CM,etG. (Why?) 

.-. area BH=DGx BK. (Why ?) 




Similarly area CK= GF x CM= GF x BK, and so on. 
But S = sum of areas of lateral faces, BH, CK, etc. 
.-. S = DGx BK-^ GFxBK-^FOx BK-{- etc. 
= (DG -{-GF-{-FO-{- etc.) x BK 

=:PX E, Q.E.D. 

548. Cor. The lateral area of a right prism equals the 
perimeter of the base multiplied by the altitude. 



Ex. 1081. Find the lateral area of a right prism if its altitude is 16 
inches, and its base is a triangle the sides of which are 8 inches, 10 inches, 
and 11 inches, respectively. 

Ex. 1082. Find the lateral area of a right prism if its altitude is 18 
inches, and its base is a quadrilateral the sides of which are 7 inches, 
8 inches, 11 inches, and 12 inches, respectively. 

Ex. 1083. Find the altitude of a right prism if its bajse is an equilat- 
eral triangle inscribed in a circle of radius 5 inches, and its lateral area 
is 135 square inches. 

Ex. 1084. Find the radius of the circle circumscribing an equilateral 
triangle which forms the base of a right prism whose altitude is 9, and 
whose lateral area is 540 V3. 
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549. If two prisms have the three faces including a 
triedral angle of one equal respectively to the three faces 
including a triedral angle of the other y and the faces 
similarly placed, they are equal. 




Hyp. The faces AD, AH, AG, of prism AM= the faces 
A^D\ A'H\ AO^ of prism AM^ respectively, and are similarly 
placed. 

To prove AM= A'^f. 

Proof. Z BAE = Z B'A'E\ ZBAG = Z BAG', 

Z BAG = Z E'AG'. (Why ?) 

.'. triedral angle .4= triedral angle A, (526) 

Place triedral ZAon its equal ZA, 

Then face AD coincides with face AD', face AH with face 
AH', and face AG with face AG'. 

The point C falls at C, and D at D'. (Why ?) 

CK will fall on C'lT, and DM on D'3r. 

(Since the lateral edges of a prism are parallel.) 

The points G, H, and coincide respectively with G', H', 

and G'. (Why ?) 

.'. planes GMajid G'3f coincide. (454, 2) 

Hence point ^coincides with IT, and M with M', (Why ?) 

.'. prisms coincide throughout and are equal. aE.D. 
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650. Cor. 1. Two right prisms having equal bases and 
equal altitudes are equal. 

651. Cor. 2. Two truncated prisms are equal when they 
fulfil the hypothesis of the above theorem. 

552. Def. The yolume of any solid is the number of times 
it contains the unit of volume. The unit of volume \\ a cube 
whose edges are equal to the linear unit. 

553. Def. Equivalent solids are solids whose volumes are 
equal. 

Proposition IV. Theorem 

654. An oblique prism is equivalent to a right prism 
whose base is a right section of the oblique prism^ and 
whose altitude is equal to a lateral edge of the oblique 
prism. 




Hyp. G^JIIf is a right section of oblique prism AD*, and GM! 
a right prism whose altitude is equal to a lateral edge of AD'. 

To prove AD' =c= GM'. 

Proof. The lateral edges of GM' = lateral edges of AD', 

(Why?) 
.-. AH=:A'H', BK= B'K', CM= CM', etc. (Why?) 
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Face AK= face A'K'y face JBJf =face B'M', and face BE = 

face B'E', (Why ?) 

.'. truncated prism ^Jlf= truncated prism A'M', (551) 

Hence AM' - AM = AM' - A'M', (Ax. 3) 

or AD' =c= GJf' . aE.D 

Proposition V. Theorem 

555. The opposite lateral faces of a parallelepiped 
are equal aiid parallel. 



A. 

Hyp. AH and DK are opposite faces of parallelopiped AK. 
To prove AH = DK and AH II to DK 
Proof. AB = and II to DC. (Why ?) 

AE = and II to DM. 

.-. ZEAB = ZMDC. (468) 

.'.AH=DK, (142) 

and ^^ II D/iT. (486) 

Similarly faces AM and BK are equal and parallel. 

656. Cor. Any two opposite faces of a parallelopiped may 
be taken as bases. 

Ex. 1085. Find the total area of a right prism if its altitude is 12 
inches, and its base is a triangle the sides of which are 9 inches, 6 inches, 
and 5 inches respectively. 

Ex. 1086. Find the total area of a right prism if its altitude is 9 
inches, and its base is a rhombus of side 4 inches and having an acute 
angle of 60°. 



278 SOLID GEOMETRY 

Proposition VI. Theorem 

667. The plane passed through two diagonally oppo- 
site edges of a parallelopiped divides it into two equiv- 
alent triangular prisms. 

' M 



Hyp. DO LB is a plane passing through edges DO and BL. 

To prove prism ABD-K^ prism BCD-M, 

Proof. Draw right section EFGH, intersecting DOLB 
in HF. 

AL II DM, A II BM. (Why ?) 

.\ EFW HO. (478) 

And EH is II to FO. 

.'. -EF(?// is parallelogram. 

A EFH = A FOR, (Why ?) 

The prism ABD-K is equivalent to a right prism whose base 
is A EFH and altitude AK, and prism BDC-M is equivalent 
to a right prism whose base is A FGH and altitude AK. (554) 

.-. prism ABD-K -o^ prism BDC-M, aeo 



Ex. 1087. The diagonals of a parallelopiped bisect each other. 

Ex. 1088. Find the edge of a cube having a surface equal to the sum 
of the surfaces of two cubes whose edges are 120 inches and 200 inches. 

Ex. 1089. The dimensions of a rectangular solid are proportional to 
3, 4, and 6. Find them if the entire surface contains 2350 square inches. 
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Proposition VII. Theorem 

568. Tk^ tectangular parallelopipeds having equal 
hoses are to ea^k other as their altitudes. 




HyjK AB and CD are the altitudes of parallelopipeds M 
and M' which have equal bases. 

To prove M:M'::AB:CD. 

Case I. When the altitudes are commensurable. 

Hint. — Apply common measure to altitudes AB and CD, and through 
the points of division pass planes II to bases. Use method of Prop. I, 
Bk. IV. 




Case II. When the altitudes are incommensurable. 

Hint. — Divide AB into any number of equal parts, apply one of these 
to CD, leaving a remainder ED. Through E pass a plane. Use method 
of Prop. I, Bk. IV. 

659. Dep. The dimensions of a rectangular parallelopiped 
are the three edges that meet at the same vertex. 

660. Scholium. The preceding theorem may be stated: 
Two rectangular parallelopipeds which have two dimensions 
in common are to each other as the third dimension. 
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Proposition VIII. Theorem 

661. Tioo rectangular parallelopipeds having equal 
altitudes are to each other as their basses. 




Hyp. a, by c and a, b\ c* are the three dimensions of rec- 
tangular parallelopipeds M and N, respectively ; a being the 
equal altitude. 

To prove M: N= b x c : b' x c'. 

Proof. Construct a rectangular parallelepiped with dimen- 
sions a, b\ and c. 

6'' 

N / 
Multiplying these equations together, 
M b xc 



Then 
and 



(Why?) 



we have 



N b'xc' 



662. Scholium. This may be stated : two rectangular paral- 
lelopipeds that have one dimension in common are to each 
other as the products of their other two dimensions. 



Ex. 1090. Two rectangular parallelopipeds have equal altitudes and 
bases whose dimensions are 4 and 7, and 5 and 9 respectively. Find the 
ratio of their volumes. 

Ex. 1091. What is the ratio of the volumes of two rectangular pai'allel- 
opipeds having equal bases and altitudes a and b respectively ? 
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563. Two rectangular parallelopipeds are to each 
other as the products of their three dimensions. 




Hyp. a, h, c and a', b', c' are the three dimensions of the 
rectangular parallelopipeds M and N respectively. 

To prove M: N= a x b x c: a^ x b' x c\ 

Hint. — Construct O a rectangular parallelopiped with dimensions a, 
6', and c. Find the ratios ^ and -^ (Props. VII and VIII), and mul- 
tiply them together. 

Proposition X. Theorem 

564. TTie volume of a rectangular parallelopiped is 
equal to the product of its three dimensions. 




Hyp. a, b, c are the dimensions of a rectangular parallelo- 
piped M. 

To prove volume of M=a xb x c. 

Hint. — Construct F= unit of volume, and apply Prop. IX. 
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566. Cor. 1. The volume of a cube equals the cube of its 
edge. 

566. Cor. 2. The volume of a rectangular parallelepiped 
equals the product of its altitude by its base. 

EXERCISES 

Ex. 1092. What is the ratio of the volumes of two rectangular parallel- 
opipeds whose dimensions are 6, 8, and 9 and 6, 7, and 9 respectively ? 

Ex. 1093. Find the area of the base of a rectangular parallelopiped 
whose altitude is 6 and. one edge of the base is 4, if the solid is equivalent 
to a rectangular parallelopiped whose dimensions are 8, 12, and 15. 

Ex. 1094. Find volume of a rectangular parallelopiped the dimensions 
of whose base are 12 and 20, and the area of whose entire surface is 800. 

Ex. 1095. Find the volume of a rectangular parallelopiped the dimen- 
sions of whose base are 12 in. and a in., and the area of whose entire 
surface is (120 + 34 a) sq. in. 

Proposition XI. Theorem 

567. The volume of any parallelopiped is equal 
to the product of its ba^e and altitude. 



Hyp. AC is any parallelopiped whose base is ABCD and 
altitude H. 
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To prove volume AC = ABCD x H. 

Proof. Produce the edge AB and the edges || to it. Take 
EF equal to AB, and through E and F pass planes EK' and 
FG^ ± EF, forming the right parallelopiped EG', 

Then EG' =0= AC. (Why ?) 

Produce the edge KE and the edges || to it. Take LM equal 
to KE, and through L and M pass planes Z/P* and MO' ± Z3f, 
forming the parallelopiped LO', 

Then ZO' =<>= EG', 

,',LO'^AC. (1) (Why?) 

Now LMOP^KEFG, (342) 

and ^^FG =0 ABCD, (342) 

.-. LMOP^ABCD. (2) 

Also the planes of the upper and lower bases are parallel, 
and hence the three solids have a common altitude H, 

By construction the planes MK' and OG' are perpendicular 
to plane MG, and the planes LP and MO' are also perpen- 
dicular to plane MG', hence LO' is a rectangular parallelopiped. 

Now volume LO' = LMOP x IT. (564) 

Hence, from (1) volume AC = LMOP x JET, 

and by substitution from (2) 

volume AC = ABCD x H, q « « 



Ex. 1096. Find the volume of a parallelopiped whose base is 50 and 
whose lateral edge is 20, if the inclination of the lateral edge to the base 
is 30°. 

Ex. 1097. Find the volume of a parallelopiped whose base is 20 and 
whose lateral edge is 10, if the inclination of the lateral edge to the base 
is 45°. 

Ex. 1098. In the diagram for Prop. XI, find the volume of AC', if 
AB = 4, BC = 5, AA' = 6, ZABC = 30°, and the inclination of AA' to 
the base ^C is 60°. 
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Proposition XII. Theorem 



568. Tlie volume of a triangular jmsm is equal to 
the product of its base by its altitude. 





Hyp. V denotes the volume, B the base, and a the altitude 
of the triangular prism ABC-H. 



To prove 



V=Bxa. 



Proof. Upon the edges AB, BC, BH, construct the parallelo 
piped ABCD-H. 

ABC'Ho=iABCD-H. 



The volume of ABCD-H = base ABCD x a. 

The base ABCD = 2B. 

.-. V=i(2Bxay 
.'. V=Bxa. 



(557) 
(Why?) 
(Why?) 



Ex. 1099. In the diagram for Prop. XIT, find the volume of ABC-H, 
if AB = 2, BC=S, BH=b, Z^2?C = 30°, and the projection of BH 
upon base ABC equals 4. 

Ex. 1100. Tn the same diagram find the area of A ABC^ if the volume 
of ABC-H 1% 200 and the altitude is 20. 
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Proposition XIII. Theorem 

569. Tlie volume of any prism is equal to the 
product of its base by its altitude. 

K 




Hyp. V denotes the volume, B the base, and a the altitude 
of any prism. 

To prove V= B x a. 

Proof. Pass planes through one lateral edge BG, and the 
diagonals BE, BD, etc., of the base. 

The prism will be divided into triangular prisms, all of which 
will have the altitude a. 

The volume of the given prism is equal to the sum of the 
volumes of the triangular prisms. 

The volume of each triangular prism equals its base multi- 
plied by a. (Why ?) 

.'. the volume of the given prism equals the sum of the bases 
of the triangular prisms multiplied by the common altitude a. 

But the sum of the bases of the triangular prism equals B, 

.\V=Bxa. 



570. Cor. 1. Prisms are to each other as the products of 
their bases by their altitudes. 

571. Cor. 2. Prisms that have equivalent bases are to each 
other as their altitudes. 
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572. Cor. 3. Prisms that have equal altitudes are to each 
other as their bases. 

573. Cor. 4. Prisms that have equal altitudes and equiva- 
lent bases are equivalent. 

Ex. 1101. In the diagram for Prop. XIII, find the volume F, if 
ABCDE =i^Q sq. in., AF = 13 in., and the projection of AF upon the 
base equals 5 in. 

Ex. 1102. In the diagram for Prop. XIII, find AF, if r=200, 
ABODE — 26, and the projection oi AF upon the base is 6. 

Ex. 1103. In the same diagram find the inclination of AF to the base, 
if AF = 6, ABODE = 20, and V = 60. 



PYRAMIDS 



574. Def. a pyramid is a polyedron, one of whose faces 
is a polygon, and whose other faces are triangles having a com- 
mon vertex. 

575. Def. The base of the pyramid is the polygon, the 
lateral faces are the triangles, the vertex of the pyramid is the 
common vertex of the triangles, the lateral edges are the inter- 
sections of the lateral faces, and the lateral area is the sum of 
1 he areas of the lateral faces. 
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576. Def. a pyramid is triangular, quadrangular, etc., ac- 
cording as its base is a triangle, a quadrilateral, etc. 

Note. — A tetraedron is a triangular pyramid. 

577. Def. The altitude of a pyramid is the length of the per- 
pendicular from the vertex of the pyramid to the plane of the 
base. 





578. Def. A. regular pyramid is one whose base is a regular 
polygon, the center of which coincides with the foot of the 
altitude. 

579. Def. The axis of a regular pyramid is its altitude. 

Note. — The lateral edges of a regular pyramid are equal since they 
cut off equal distances from the foot of the altitude. (473) 

Hence the lateral faces of a regular pyramid are equal isosceles tri- 
angles. 

580. Def. The slant height of a regular pyramid is the alti- 
tude of any one of the lateral faces. 

581. Def. A truncated pjrramid is the portion of a pyramid 
included between the base 
and a section formed by a 
plane cutting all the lateral 
edges. 

582. Def. A frustum of 
a pyramid is a truncated pyra- 
mid in which the plane of the section is parallel to the base. 
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583. Def. The altitude of a frustum is the perpendicular 
distance between its bases. 

584. Def. The lateral area of the frustum is the sum of the 
areas of its lateral faces; the lateral faces of a frustum of a 
regular pyramid are equal isosceles trapezoids. 

585. Def. The slant height of a frustum of a regular pyra- 
mid is the altitude of one of these trapezoids which form the 
lateral faces. 

Proposition XIV. Theorem 

586. If a pyramid he cut by a plane parallel to its 
base : 

(1) The lateral edges and the altitude are divided 
proportionally, 

(2) ITie section is a polygon similar to. the base. 




Eyp, Pyramid 0-ABCD is cut by plane II to the base, 
Ef F, O, H are the points of intersection with edges, forming 
section EFOH, and N the point of intersection with alti- 
tude OM. 

^ . rp OA OB OM 

1st. To prove '^-^^ ^F = '" = on' 

This follows directly from 488. 
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2d. To prove EFGH similar to ABCD. 

Proof. EF II AB, FG II EC, Gil II CD, etc., (478) 

... ^=fO^V — =f— V— , etc. = M. (Why?) 
^S V^^y -BC \0C) CD' OM ^ ^ ^ 

and Z EFG = Z ^5C, ZFGH= Z 5(7A etc. (468) 

.-. polygon EFGH is similar to ABCD. (289) 

587. Cor. 1. A section of a pyramid parallel to the base is 
to the base as the square of its distance from the vertex is to 
the square of the altitude of the pyramid. 

EFGH : ABCD = EF" : A& (371) 

But ~EF^iAff = Olf'.0^=ON^:OM\ (Why?) 

.-. EFGH: ABCD = ON^ : 0M\ 

588. Cor. 2. If two pyramids that have equal altitudes are 
cut by planes parallel to the bases, and at equal distances from 
the vertices, the sections have the same ratio as the bases. 

Hint. — Use Cor. 1. 

589. CoR. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to the bases, 
and at equal distances from the vertices, are equivalent. 

Ex. 1104. The altitude of a regular triangular pyramid, each side of 
whose base is 4 ft., is 12 ft. Find the area of a section made by a plane 
parallel to the base and 4 ft. from the vertex. 

Ex. 1105. Find the area of a section of a regular quadrangular pyra- 
mid, each side of whose base is 3 ft. and whose altitude is 8 ft., made by 
a plane 3 ft. from the vertex and parallel to the base. 

Ex. 1106. The base of a regular hexagonal pyramid measures 10 in. 
on a side. If the altitude be 6 in., how far from the vertex must a plane 
be passed to form a section the area of which is 3V3 ? 
u 
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Proposition XV. Theorem 



590. The lateral area of a regular pyramid is equal 
to half the product of the slant height by the perimeter 
of the base. 




Hyp. A is the lateral area, SI H, the slant height, and P 
the perimeter of the base of the regular pyramid 0-ABCDE. 

To prove A = i Sl.H.x P. 

Proof. A OAB = A OBC = A OCD, etc. (Why ?) 

The altitude of each -A, O^is SI H, 

Area of each A = i SI H, x its base. 

Sum of areas of all the A = i SI. H, x sum of bases. 

= iSLH.xR' 

.-. A=ziSl,H. xP. Q.E.D. 

591. Cor. The lateral area of a 
frustum of a regular pyramid is 
equal to one-half the sum of the 
perimeters of the bases multiplied 
by the slant height. 

Hint. — What is the shape of the lateral 
faces f 
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Ex. 1107. Find the lateral area of a regular quadrangular prism whose 
altitude is 12, and whose base has sides equal to 10. 

Ex. 1106. Find the lateral area of a frustum of a regular pyramid of 
five sides whose slant height is 6, and the sides of whose bases are 7 and 
3, respectively. 

Proposition XVI. Theorem 

592. Tiao triangular pyramids which have equivalent 
bases and equal altitudes are equivalent. 




Hyp. Two triangular pyramids 0-ABC and 0^-A^B^O 
have equal altitudes and the base ^5(7 =o base A'B'C 



To prove 



0-ABC =oO'-A'B'a. 



Proof. If they are not equivalent, assum e 0'~A 'B'C'> 0~ABC. 
Place the pyramids so that their bases are in the same plane. 
Divide the altitudes into n equal parts, calling the length of 
each part h. 

Through the points of division pass planes parallel to the 



The corresponding sections thus formed are equivalent. 

(589) 

On the base A'B'C\ and on each parallel section of O'-A'B'C 
as a lower base, construct a prism with lateral edges parallel 
to O'C and altitude equal to h. On each section of 0-ABC 
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as an upper base construct a prism with lateral edges parallel 
to 00 and altitude equal to h. 

Each prism of 0-ABO is equivalent to the prism next above 
it in O'-A^B'C, hence the difference between the two sets of prisms 
is the lowest prism of the first set. Now the sum of the vol- 
umes of the circumscribed prisms is evidently greater than the 
volume of the pyramid O'-A'B'O', and the sum of the volumes 
of the inscribed prisms is less than the volume of the pyramid 
0-ABO, hence the difference between the volumes of the two 
sets of prisms (which is the lowest prism of the first set) must 
be greater than the difference between the pyramids. By 
increasing indefinitely the number of parts into which the 
altitude is divided, each part h becomes smaller and finally 
less than any assignable quantity, hence the volume of the 
lowest prism (which is greater than the difference between the 
pyramids) may be made less than any assignable volume. 

.'. Pyramid O'-A'B'O' is not greater than pyramid 0-ABO. 
In the same manner we may prove that pyramid 0-ABO is 
not greater than pyramid 0'-A'B'0\ 

.-. O-ABO^O'-A'B'C. 

Proposition XVII. Theorem 

593. The volume of a triangular pyramid is equal 
to one third of the product of its base by its altitude. 




Hyp. V is the volume, B the base, and a the altitude of the 
triangular pyramid E-ABO, 



To prove. 
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Proof. On ABC construct the prism ABC-DEF, having its 
lateral edges equal and parallel to EB. 

The prism is composed of the pyramid E-ABC and the 
quadrangular pyramid E-ACFD. 

Through ED and EC pass a plane cutting ACFD in DC, 
forming two triangular pyramids, E-DCF and E-ADC. 



E'DCF^E-^ADC 

(Same altitude and equivalent bases.) 



(1) 



Pyramid E-ADC is the pyramid C-ADE, since any face of 
a tetrahedron may be taken as base, 

and A ADE = A EAB. (Why ?) 

C-ADE ^ C-ABE. (2) (Why ?) 

.-. C-ABE OT E-ABC =\ABC'EDF. (From (1) and (2)) 

.-. V=\Bxa. (568) 

594. Cor. 1. The volume of any pyramid is equal to one- 
third the product of its base by its altitude. 

For the pyramid may be divided 
into triangular pyramids by passing 
planes through any edge and the cor- 
responding diagonals of the base. 

The bases of the triangular pyrar 
mids together form the base of the 
given pyramid, and the sum of the 
volumes of the triangular pyramids 
equals the volume of the given pyra- 
mid. 

Therefore the volume of any pyra- 
mid equals one-third the product of its base by its altitude. 
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595. Cor. 2. The volumes of two pyramids are to each 
other as the products of their bases and altitudes. 

596. Cor. 3. Pyramids having equivalent bases are to each 
other as their altitudes, and those having equal altitudes are to 
each other as their bases. 

597. Cor. 4. Pyramids having equal altitudes and equiva- 
lent bases are equivalent. 

598. Scholium. The volume of any polyedron may be 
obtained by dividing it into pyramids and finding their volumes 
separately. 



Proposition XVIII. Theorem 

599. The frustum of a triangular pyramid is equiva- 
lent to the sum of three pyramids each having the 
same altitude as the frustum and whose bases are the 
upper and lower bases of the frustum^ and the mean 
proportional between these bases. 




Hyp. ABC-DEF is a frustum of any triangular pyramid, 
with bases ABC [B], and DEF [&], and altitude H. 

To prove ABC-DEF equivalent to the sum of three pyrar 
mids whose common altitude is H, and whose bases are ABQ 
and DEFf and a mean proportional between them. 
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Proof. Through the vertices C, D, B, and C, 2), E, pass 
planes, dividing the frustum into three pyramids. 

The pyramids D-CAB and C-FDE have the common alti- 
tude H, and for bases respectively ABC and DEF, the lower 
and upper bases of the frustum. 

It remains to show that C-DEB is equivalent to a pyramid 
whose altitude is //, and whose base is a mean proportional 
between ABC and DEF [ V5 x 6]. 

Pyramids C-ABD and C-BDE have their bases in the plane 

ABED. 

. ' . C-ABD : C-BDE = A ABD : A JBZ)^. (Why ?) 

AABD : ABDE = AB:DE. (Why?) 

Hence, C-ABD : C-BDE = AB : DE. (1) (Why ?) 

The pyramid C-DBE may be read D-BCE, and we have the 
pyramids D-CEF and D-BCE with bases in the plane FEBC 
and vertices at D. 

.-. D-BCE : D-CEF : : A BCJEJ : A C^F. 

But ABCE: ACEF::BC:EF. 

Hence, D-BCE : D-CEF ::BC: EF, (2) 

The A ^BO and Z>J5;F are similar, 

hence, AB :DE=BC: EF. 

.'. C-ABD : C-BDE = D-BCE : D-CEF. 

But C-ABD = i ^ X 5, and D-CEF = iHxb. (Why ?) 



.-. C-BED = ^/^HxBx^Hxb = iHVBxb. 

Hence the frustum of the pyramid is equivalent to the sum 
of three pyramids, whose bases are the upper and lower bases 
of the frustum, and the mean proportional between these bases, 
and having the altitude, H. 

600. Cor. 1. Since the volume of a pyramid is equal to the 
base multiplied by one-third of its altitude, we have 
Vol. of frustum of a triangular pyramid = ^H(B-\'b-{' V-B X b). 
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601. Cor. 2. The volume of the frustum of any pyramid is 
equal to one-third of its altitude multiplied by the sum of its 
bases and a mean proportional between them. 



Ex. 1109. Find the volome of a pyramid whose base is 60, and whose 
altitude is 6. 

Ex. 1110. Find the altitude of a pyramid whose volume is 200, and 
whose base is a rectangle having the sides 5 and 12 respectively. 

Ex. 1111. The three sides of the base of a pyramid are respectively 10, 
17, and 21. Find the volume if the altitude is 5. 

Ex. 1112. The three sides of the base of a pyramid are respectively 9, 
10, 17. Find the volume if a lateral edge is 20, and its projection upon 
the base equals 12. 

Ex. 1113. A lateral edge of a pyramid equals 10, and its inclination to 
the base is 30°. Find the area of the base if the volume of the pyramid is 
100. 

Ex. 1114. The base of a pyramid is a rhombus whose diagonals are 
respectively 10 and 12. Find the volume if the altitude is 6. 

Ex. 1115. The diagonals of a parallelopiped divide the figure into six 
equivalent pyramids. 

Ex. 1116. If any point within a parallelopiped be joined to the 8 
vertices, 6 pyramids are formed, of which the sum of any opposite two is 
equal to the sum of any other opposite two. 

Ex. 1117. Each edge of a triangular pyramid is equal to 10. Find 
the volume. 

Ex. 1118. The perimeter of the triangular base of a regular pyramid 
is 40. Find the volume if the altitude is 12. 

Ex. 1119. The base of a pyramid is a parallelogram of base 10 and 
altitude 8. Find the volume if a lateral edge is equal to 6, and forms with 
the base an angle of 45°. 

Ex. 1120. The base of a pyramid is a rectangle having sides respec- 
tively equal to a and h. A lateral edge is equal to c, and is inclined to 
the base 30°. Find the volume. 

Ex. 1121. Find the altitude of a pyramid of base 6, equivalent to 
another pyramid of base a and altitude h. 

Ex. 1122. Find the volume of the frustum of a triangular pyramid, if 
the lower base is 9, the upper 4, and the altitude 6. 
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Ex. 1123. Find the volame of the frostum of a regular quadrangular 
prism, if the edge of the lower base is 7, of the upper 6, and if the 
altitude is 8. 

Ex. 1124. The upper base of a frustum of a pyramid is 2, the lower 18. 
Find the altitude if the volume is 260. 



Proposition XIX. Theorem 

602. A truncated triangular prism is equivalent to 
the sum of three pyramids whose common base is the 
hase of the prism and ivhose vertices are the three 
vertices of the inclined section. 




Hyp. ABC-HKG is a truncated triangular prism of which 
ABC is the base. 

To prove ABC-HOK^ H-ABC + K-ABC 4- G-ABC. 

Proof. Pass planes through H, B, C, and through H, Ky C, 
forming the pyramids H-ABC, H-BCK, and H-CKG. 
H-ABC is evidently one of the required pyramids. 

H-BCKmaLj be read C-HBK 

C-HBK^ C-AKB. 

(^Equivalent bases and the same altitude.) 
C-AKB may be read K-ABC. 
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A A 

.-. H-BCK^K-ABa 

H--CKG may be read K-CHG. 

K-CHG <^ K-ACG. 

{Equivalent bases and the same altitude.) 

K-ACG =^ B-^ACG. 

(BKW plane AG,) 

B-ACG may be read G-ABC. 

.-. H-CKG ^ G-ABa 

.-. ABC-HKG =0= H^ABG + K-ABC + G-ABC. 

aE.D. 

603. Cor. 1. The volume of a truncated right triangular 
prism is equal to the product of its base by one-third the sum 
of its lateral edges. 

Hint. — The lateral edges are the altitudes of the three pyramids which 
form the truncated prism. 

604. Cor. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one-third the sum 
of its lateral edges. 

Hint. — The right section divides the truncated prism so that two 
truncated right prisms are formed. 
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Proposition XX. Theorem 

605. The volumes of two triangular pyramids^ that 
have a triedral angle of one equal to a triedral angle 
of the other J are to each other as the product of the 
three edges of these angles. 

G 




Hyp. Fand V are volumes of the triangular pyramids 
0-ABC and O'-EFG, which have the equal triedral angles 
and 0'. 

F^ OAxOBx PC 
V O'E X OT X O'G 



To prove 



Proof. Place the pyramids so that triedral Z will coincide 
with triedral Z 0'. 

Draw C'P and GR perpendicular to face O'FE, and let the 
plane of CP and GR intersect face O'EF in line O'PR, 

Since O'A'B' and O'EF are bases, and C'P and GR the 
altitudes of pyramids C-O'A'B' and G-O'EF, 

JF 

V' 



. A a^B^ xCP ^ A O'A'B' C'P 
' A O'EF xGR A O'EF GR 



(595) 



A O'A'B' ^ O'A' X O'B' 
A O'EF O'E X O'F ' 

C'P^ O'C 
GR O'G' 



(369) 
(Why?) 



V 
V" 



OAxOBxOC 
O'E X O'F '^ O'G O'E X O'F x O'G 



O'A' X O'B'^O'C 
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SIMILAR P0LYEDR0N8 

606. Def. Similar polyedrons are polyedrons that have the 
same number of faces similar each to each and similarly 
placed, and have the homologous polyedral angles equal. 



Proposition XXI. Theorem 

607. Two similar polyedrons can he decomposed into 
the same number of tetraedrons similar each to each 
and similarly placed. 




Hyp. B and S are two similar polyedrons; A and A* 
homologous vertices. 

To prove R and S can be decomposed into the same number 
of tetraedrons, similar each to each, and similarly placed. 

Proof. Divide all the faces of R and S except those having 
A and A as vertices, f.e. the faces FGHIKy GC, etc., and 
F'G'HTK^ G'C, etc., into A. 

Pass planes through A and the vertices of the A in the 
faces of Rj and through A' and the vertices of A in the faces 
of S. 

Let AKFG and A'K'F'G' be two homologous tetraedrons 
formed by these planes. 

A-KFG is similar to A'-KT'G'. 
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For 



AAKF is similar to A A'ICF' ] 
AAFG is similar to AA'F'G' 
AKFG is similar to A K'F'G' 

AK KF KG FG AG 



(303) 



(Why?) 



A'K' KF' KG' FG' G'A' 

.-. A AKG ^ A'KG\ (Why ?) 

The tetraedrons A-KFG and A'-KFG' have all homolo- 
gous triedral angles equal. 

.'. tetraedron A-KFG is similar to tetraedron A'-KFG' 

(606) 

When A-KFG and A'-KF*G' are removed, the polyedrons 
are similar, for their faces remain similar, ,and the polyedral 
angles are equal. 

In like manner any other two homologous tetraedrons can 
be proved similar. 

Since the homologous faces of R and S will be divided into 
the same number of similar A, there will be the same number 
of planes passed through A and A\ and consequently the 
polyedrons will be decomposed into the same number of 
tetraedrons similar each to each and similarly placed. q.e.d. 

608. Cor. 1. The homologous edges of similar polyedrons 
are proportional. 

St 

609. Cor. 2. Any two homologous lines in two similar 

polyedrons have the same ratio as any two homologous edges. 

610. Cor. 3. Two homologous faces of similar polyedrons 
are to each other as the squares of any two homologous edges. 

611. Cor. 4. The total areas of two similar polyedrons 
are to each other as the squares of any two homologous edges. 
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Proposition XXII. Theorem 

612. The volumes of two similar tetraedrons are to 
each other as the cubes of their homologous edges. 



Hyp. Fand V are the volumes of the similar tetraedrons 
S-ABC and T-EFG. 

To prove ^^ = ^ = g, etc. 

V TF TW 

Proof. Triedral Z /S = triedral Z T. (606) 

V TFxTGxTE TF TG TE ^ ' 

But li=IS=S^- (Why?) 

TF TG TE v J / 



V ^SW 

V TF'' 



Q.E.D 



Ex. 1126. In the diagram for Prop. XXII, if SA = S and TE = 2, 
find the ratio of Fto F'. 

Ex. 1126. In the same diagram, find TF, if SB = 2, and F: F' = 1 : 2. 

613. Cor. The volumes of two similar polyedrons are to 
each other as the cubes of any two homologous edges. 

Similar polyedrons can be decomposed into the same num- 
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ber of similaj tetraedrons similarly placed which are to each 
other as the cubes of homologous edges. 

And in a series of equal ratios, the sum of antecedents is to 
sum of consequents as any antecedent is to its consequent. 

REGULAR P0LYEDR0N8 

614. Def. a regular polyedron is a polyedron whose faces 
are equal regular polygons, and whose polyedral angles are 
equal. 

Proposition XXIII. Problem 

616. To determine the number of regular convex 
polyedrons possible : 

(a) A convex polyedral angle must have at least 
three fax^es. 

(b) The sum of its fax^e angles must be less than 
360^ (523) 

1. A convex polyedral angle may be formed by combining 
three, four, or five equilateral trianglea Since each angle of an 
equilateral A is 60°, the sum of six such angles is 360°, a sum 
greater than that of the face angles of a convex polyedral 
angle (b). 

Hence three regular convex polyedrons are possible with 
equilateral A as faces. 

2. A convex polyedral angle may be formed by combining 

three squares. 

( Why cannot four squares be used ?) 

Hence one regular convex polyedron is possible with squares 
as faces. 

3. A convex polyedral angle may be formed by combining 
three regular pentagons. 

( Why cannot four be used f) 

Hence one regular convex polyedron can be formed having 
regular pentagons as faces. 
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4. {Why cannot a convex polyedral angle be formed by combining 
regular hexagons, heptagons, or octagons?) 

Hence only five regular convex polyedrons are possible, 
tetraedrons, octaedrons, and icosaedrons, having equilateral tri- 
angles as faces ; hexaedrons having squares as faces ; and dodec- 
aedrons, having regular pentagons as faces. 

616. To construct the regular polyedrons, draw on stiff 
paper or cardboard the following diagrams. Cut partly through 
the paper along the dotted lines. Fold over and hold the 
edges in contact by pasting strips of paper along them. 
(Compare diagrams on page 270.) 
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CYLINDERS 



617. Def. a cylindrical surface is a curved surface generated 
by a moving straight line which continually intersects a given 



Ai A 




fixed curve and is always parallel to a given straight line not 
in the same plane with the curve. 

618. Def. The generatrix of the surface is the moving 
straight line ; the directrix is the given curve ; and an element 
of the surface is the moving line in any of its positions. 

619. Def. A cylinder is a solid bounded by a cylindrical 
surface and two parallel planes; the bases of a cylinder are 
the parallel planes; and the lateral surface is the cylindrical 
surface. 

The elements of a cylinder are 
equal since they are II lines included 
between II planes, 

620. Def. A circular cylinder 
is a cylinder whose bases are 
circles. 

621. Def. A right cylinder is a 

cylinder whose elements are per- 
pendicular to the bases. 
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622. Def. An oblique cylinder is one whose elements are 
oblique to the bases 

623. Def. The altitude of a 

cylinder is the perpendicular dis- 
tance between the bases. 

624. Def. A cylinder of revolu- 
tion is a right circular cylinder 
because it may be generated by 
a rectangle revolving about one 
of its sides as an axis. 

625. Def. Similar cylinders of revolution are cylinders gen- 
erated by similar rectangles revolving about homologous sides 
as axes. 

626. Def. A tangent line to a cylinder is a straight line^ 
which touches the lateral surface in one point but does not 
intersect it. A tangent plane to a cylinder is a plane which 
contains one element of the cylinder and but one, and does not 
intersect the cylinder. 
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627. Def. A prism is inscribed in a cylinder when its 
lateral edges are elements of the cylinder and its bases are 
inscribed in the bases of the cylinder. 
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628. Def. a prism is circumscribed about a cylinder when 
its lateral edges are parallel to the elements of the cylinder and 
its bases are circumscribed about the bases of the cylinder. 






629. Def. A section of a cylinder is the figure formed when 
the cylinder is intersected by a plane; a right section is a 
section formed by a plane perpendicular to the elements. 

Proposition XXIV. Theorem 

630. Every section of a cylinder made by a plane 
passing through an element is a parallelogram. 
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Hyp. ABCD is a section of cylinder AC^ made by plane 
through element AB. 

To prove ABCD is a parallelogram. 

Proof. Any straight line through D in plane AC II to AB is 
an element of the cylindrical surface. (Why ?) 

Since this line is in the plane AC and is an element of the 
cylindrical surface, it must be their intersection, and therefore 
coincides with DC 

.'. DC is a straight line II to AB, 

Also AD is a straight line II to BC (Why ?) 

.-. ABCD is a parallelogram. q.e.d. 

631. Cor. Every section of a right cylinder made by a 
plane passing through an element is a rectangle. 



Ex. 1127. The altitude of a right cylinder is 12 inches and the radius 
of the base is 6 inches. Find the area of a section made by a plane pass- 
ing through an element and perpendicular to a radius at a point whose 
distance from the center measured on this radius is 

(a) two inches. (6) five inches. 

Ex. 1128. What is the area of the figure formed in the preceding exer- 
cise when the plane passes through the center of the base ? 
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Proposition XXV. Theorem 
The bases of a cylinder are equal. 



A \E 



Hyp. ABE and DCO are the bases of the cylinder BO. 
To prove Base ABE = base DGG. 

Proof. Aj B, E, are any three points in lower base of cyl- 
inder, AD, BC, and EG are elements. 
Draw AE, AB, BE, DG, DC, and CG. 
The figures AC, BG, and ED are parallelograms. (Why ?) 

Hence AB = DC, BE = CG, AE = DG. 
.'.AABE = ADGC. 

Place the lower base on the upper base so that the equal 
A coincide. Then the bases will coincide, because the points 
A, B, and E are any three points in the perimeter of the lower 
base, and therefore every point in the perimeter of the lower 
base will fall in the perimeter of the upper base. 

.*. the bases are equal. q.e.d. 

633. Cor. 1. Any two parallel sections cutting all the 
elements of a cylinder are equal. 

Hint, — ( What is the solid included between these sections f) 

634. Cor. 2. Any section of a cylinder parallel to the base 
is equal to the base. 
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Proposition XXVI. Theorem 

636. The lateral area of a circular cylinder is equal 
to the product of the perimeter of a right section of 
the cylinder by an element 





Hyp. S is the lateral area, P the perimeter of a right 
section, and E an element of the cylinder AK; S' is the lateral 
area, P the perimeter of a section of a prism with a regular 
polygon as base, inscribed in cylinder AK. 

To prove S = Px E, 

Proof. The edge of the inscribed prism coincides with an 

element of the cylinder. (Why ?) 

.-. S'^PxE. (547) 

If the number of faces of the inscribed prism be increased, 
S' will approach aS as a limit, and P' will approach P as a 
limit. 

But S'=F xE. 

.\S=PxE. (213) 



Cor. 1. The lateral area of a cylinder of revolution 
is the product of the circumference of its base by its altitude. 
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637. Cor. 2. If S denote the lateral area, T the total area, 
H the altitude, and JB the radius of a cylinder of revolution, 

/S = 2 ttBH, and 

T=::2 7rR(H+B). 

Proposition XXVII. Theorem 

638. The volume of a circular cylinder is equal to 
the product of its base by its altitude. 



Hyp. V the volume, B the base, and H the altitude, of 
cylinder AK', V the volume, B' the regular polygon forming 
the base of a prism inscribed in AK, 

To prove F= B x H. 

Hint. — Use the Theorem of Limits as in preceding proposition. 



639. Cor. 



B, 



For a cylinder of revolution with radius of base 
V^ttB^xH. 



Ex. 1129. Two cylinders of revolution have equal altitudes and their 
radii are respectively 3 and 4. Find a third cylinder of revolution of 
the same altitude and equivalent to the sum of the two given cylinders. 
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Proposition XXVIII. Theorem 



640. The lateral areas, or the total areas, of similar 
cylinders of revolution are to each other as the squares 
of their radii, or as the squares of their altitudes; and 
their volumes are to each other as the cubes of their 
radii, or as the cubes of their altitudes. 



H 



\H' 



Hyp. S, S', are the lateral areas; T, T, the total areas, 
F, V, the volumes, B,, R', the radii, and H, IF, the altitudes of 
two similar cylinders of revolution. 

To pr&ve S:S' = T: P = S^: B'* = H^: H^, 

and V:V = Iif.R"' = H':H'*. 



Proof. 

S 



H _R _ H+R 
H' R' H< + R'' 



^ 2tRH ^ RxH _^R? _IP 
S' 2wR'H' E'xH iZ" H"^ 



(Why?) 

(Why?) 

^^^T^2jrR(H±R)_^R H+R_^^_IP 

T> 2-,rR'(_H' + R') R- H' + R' B<^ ^f'^W"^-; 

„„ , V irB?H B^ ^H R" IP ,„r, „, 
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CONSS 

641. Def. a conical surface is a surface generated by a 
moving straight line which continually intersects a given fixed 
curve and constantly passes through a fixed point not in the 
same plane with the curve. 

642. Def. The generatrix of the surface is the moving 
straight line ; the directrix is the given curve ; and the vertex 
is the fixed point. 




643. Def. An element of a conical surface is the generatrix 
in any position. 

644. Def. The upper and lower nappes are the portions of 
the conical surface formed above and below the vertex when 
the length of the generatrix is unlimited. 

646. Def. A cone is a solid bounded by a conical surface 
and a plane cutting all its elements. 

646. Def. The lateral area of the cone is the conical sur- 
face ; the base of the cone is the plane surface ; the vertex of the 
cone is the vertex of the conical surface ; and the elements of 
the cone are the elements of the conical surface. 
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647. Def. a circular cone is a cone whose base is a circle ; 
the axis of a circular cone is the straight line joining the vertex 
and the center of the base. 




648. Def. A right circular cone is one whose axis is perpen- 
dicular to the base ; ^ an oblique circular cone is one whose axis 
is not perpendicular to the base. 

Note. — In this book only circular cones are treated of. 

649. Def. A cone of revolution is a right circular cone, for 
this latter may be generated by a right triangle revolving about 
one of its arms as an axis. 

660. Def. The altitude of a cone is the perpendicular dis- 
tance from the vertex to the plane of the base. 

661. Def. Similar cones of revolution are cones generated by 
the revolution of similar right triangles aboiit homologous arms. 

652. Def. A tangent line to a cone is a line which touches 
the cone in one point only and does not intersect it. 

653. Def. A tangent plane to a cone is a plane which contains 
one element of the cone and but one, and does not intersect 
the cone. 

654. Def. A pyramid is inscribed in a cone when its base 
is inscribed in the base of the cone and its vertex coincides 
with the vertex of the cone. 
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655. A pyramid is circumscribed about a cone when its base is 
circumscribed about the base of the cone and its vertex coin- 
cides with the vertex of the cone. 




656. Def. a frustum of a cone is the portion included 
between its base and a plane parallel to the base. The lower 
base of the frustum is the base of the cone, and the upper base 
is the section made by the plane. 
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Proposition XXIX. Theorem 

657. • Every section of a cone made by a plane pass- 
ing through its vertex is a triangle. 





Hyp. ABC is a section of the cone made by plane passing 
through vertex A, 

To prove ABC a triangle. 

Proof. BC is a straight line. (Why ?) 

AB and AC are elements of the conical surface. 

.*. AB and AC are straight lines. 

AB and AC are in the cutting plane. (Why ?) 

.'. they are intersections of the plane and the conical surface. 

(Why?) 
.*. ABC, the section, is a triangle. q-e.d. 

668. Cor. Every section of a right cone made by a plane 
passing through its vertex is an isosceles triangle. 



CONES 
Proposition XXX. Theorem 
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669. Every section of a circular cone made by a 
plane parallel to the base is a circle. 




Hyp. A'B'CD* is a section of cone V-ABCD made by a 
plane II to ABCD, the center of the base, 0' the point where 
axis VO intersects the section. OA, OD, and 0^A\ O'D' are 
intersections of a plane through V and any element VA with 
ABCD and A'B'C'D' respectively. 

To prove AB'Ciy a circle. 

Proof. 0'-4' and 0'i>' are II to OA and OD respectively. 

(Why?) 
.-. A VO'A' and A VOA are similar. (Why ?) 

. a A VO' o'u 



OD 



But 



OA VO 

OA = OD. 
.-. 0'A':=0'D\ 
A'B'CD' is a circle, 



(Why?) 



Q.E.D 



660. Cor. 1. The axis of a circular cone passes through the 
center of every section which is parallel to the base, or 

The locus of the centers of the sections of a circular cone 
made by planes parallel to the base is the axis of the cone. 
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661. Gob. 2. Sections made by planes parallel to the bases 
of a circular cone are to each other as the squares of their radii, 
or as the squares of their distances from the vertex of the cone. 

Proposition XXXI. Theorem 

662. The lateral area of a cone of revolution is equal 
to half the product of the slant height by the circum- 
ference of the base. 



Hyp. S is lateral area, C the circumference of the base, and 
L the slant height of the cone ; S' the lateral area, P the 
perimeter of the regular polygon forming the base of a circum- 
scribed pyramid. 

To prove S^^CxL. 

Hint. — Circumscribe a pyramid ; its slant height is L. Use Theorem 
of Limits. 

663. Cor. If S is the lateral area, T the total area, H the 
altitude, L the slant height, E the radius of the base, of a 
cone of revolution, 

S = ttBL. 



Ex. 1130. Find the lateral area of a cone of revolution if the hypo- 
tenuse of the generating triangle be 10 inches and the acute angles be 
46° each. 
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Pboposition XXXII, Theorem 

664. J%e volume of a circular cone is equal to one- 
third the product of its base by its altitude. 



Hyp. V is the volume, B the base, and H the altitude of the 
cone ; V the volume, B' the regular polygon forming the base 
of an inscribed pyramid. 

To prove V=^B x H. 

V' = iB'xH, (594) 

Hint. — Use Theorem of Limits. 

665. CoR. If the cone is a cone of revolution, with E as 
radius of B, then 



Ex. 1131. Find the lateral area of a cone of revolution whose radius is 
4 and whose altitude is 3. 

Ex. 1132. Find the volume of a cone of revolution with radius 6 and 
altitude 2. 

Ex. 1133. Find the volume of a cone of revolution whose radius is 5 
and whose slant height is 13. 

Ex. 1134. Find the lateral surface of a cone of revolution If its volume 
is 314 and its altitude is 2. 
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Pboposition XXXIII. Theorem 

666. ^The lateral areas ^ or the total areas j of two 
similar cones of revolution are to each other as the 
squares of their altitudes, as the squares of their radii, 
or as the squares of their slant heights; and their 
volumes are to each other as the cubes of their alti- 
tudes, as the cubes of their radii, or as the cubes of their 
slant heights. 





Hyp. S, /S' are the lateral areas, T, T the total areas, F, F' 
the volumes, H, H' the altitudes, E, R the radii, L, -L,' 
the slant heights of two similar cones of revolution. 

To prove S : S^ = T: T' :: W: H'^:=I? : E''=L^ ; L« 

and V:V' = IP:H'^ = E^:E'^ = L^:L'^ 

The proof is similar to that of Prop. XXVIII. 



Ex. 1135. Find the ratio of the total areas of two similar cones of 
revolution whose altitudes are 

(a) 12 inches and 24 inches respectively, 
(ft) 6 inches and d inches respectively. 
Ex. 1136. The volume of a cone of revolution is 343 cubic inches and 
its altitude is 5 inches* Find volume of a similar cone of altitude 
(a) 7 inches. 
(&) 16 inches. 
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Proposition XXXIV. Theorem 

667. The lateral area of a frustum of a cone of revo- 
lution is equal to one-half the sum of the circumferences 
of its bases multiplied by its slant height. 




Hyp. S is the lateral area, C and O the circumferences of 
the bases, R and R their radii, and L the slant height of the 
frustum ; 6" the lateral area, P and P' the perimeters of the 
bases, of a frustum of a regular pyramid circumscribed about 
the cone. 

To pr(yve S ^\{C -\-C)x L. 

Proof. The slant height of the frustum of the circumscribed 
pyramid = -L, (Why ?) 

then /S' = i (P + P') X i. (Why ?) 

[To be completed by the student. Hint. — Use Theorem of Limits.] 

Note. — It can be shown that the limit of the sum of a finite number 
of variables is equal to the sum of their respective limits. 

668. Cor. The lateral area of a frustum of a cone of revo- 
lution is equal to the circumference of a section equidistant 
from its bases multiplied by its slant height. For 

(7=2^2?, and (J ^2irlt\ and ^^ f^t^' ) 
is the circumference of a section equidistant from the bases. 
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Proposition XXXV. Theorem 

669. The volume of a frustum of a circular cone is 
equivalent to the sum of its bases, and the mean pro- 
portional between its bases, multiplied by one-third 
its altitude. 



Hyp. V is the volume, B the lower base, b the upper base, 
H the altitude of the frustum, P the volume, jB' the lower 
base, b' the upper base, of an inscribed frustum of a pyramid 
with regular polygons as bases. 

To prove F= ^H{B-hb + VS x b). 

Proof. The altitude of the frustum of the pyramid = H. 

Then F' = J H(B' + 6' + V^' x b'). (601) 

By increasing the number of the lateral faces of the inscribed 
frustum indefinitely, 

F' becomes a variable with F as a limit, 
B' approaches 5 as a limit, 
6' approaches & as a limit, and B' xb', jB x & as a limit 
.". JB' + 6' 4- -y/B' X b' approaches 



J5 + 6 -f- V-B X 6 as a limit. 



.-. F=ifr(5 4-&-hV5x6). Q.E.D. 

Note. — See note, p. 49. It can also be shown that the limit of the 
product of two or more variables is the product of their respective limits 
when no one of these limits is zero. 
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670. Cor. If the frustum is that of a cone of revolu- 
tion, with B and R as radii of its bases, 

Note. — The preceding proposition may be stated : — 
The volume of a frustum of a circular cone is equivalent to the sum of 
the volumes of three cones whose common altitude is the altitude of the 
frustum, and whose bases are the lower base, the upper base, and the 
mean proportional between the bases of the frustum. For, the value of 
V may be written, 

MISCELLANEOUS EXERCISES 

Ex. Find the lateral edge, lateral area, and volume of a regular tri- 
angular pyramid each side of whose base is 9 and whose altitude is 3. 




Let K be the center of the base ABC of the regular triangular pyramid 
D-ABC. Draw the median BE and the altitude DK, Join A and K, 
and D and E, 

AK= ? [alt. of equil. A of side ^) = \ (— ) = 3V3- 
DA = ^AK^ + DK^ = V(3 V3)2 + 9 = 6. 
DE = \^DA^ -EA^ = V36 - V == I V7. 
Lat. Area = 3 x 9 x ^^ = §1^1. 
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Volume = area of base x alt. -5- 3 

4 4 

Ex. Find the lateral edge, lateral area, and volume of a frustum of a 
regular hexagonal pyramid, the sides of whose bases are 14 and 6, respec- 
tively, and whose altitude is 8. 




Let A and be the centers of the upper and lower bases, respectively, 
of the frustum of a regular hexagonal pyramid. Draw AC and OH per- 
pendicular to BD and EQ^ respectively. Draw BF perpendicular to EQ. 

HM= OH- AC = 7 V3 - 3V3 = 4V3. 



CH=^/CM^ + HM^ = V64 + 4b = 4vT. 
Lat. area = 6 [(14 + 6)^] = 240 V7. 



Volume =(B + 6 + V-BX 6)^ 

3 

= (294 V3 + 64 V3 + 126 VS) f = 1264^3. 

Find lateral edge, area, and volume 

Ex. 1137. Of a regular triangular pyramid, each side of whose base is 
10 and whose altitude is 18. 

Ex. 1138. Of a regular quadrangular pyramid, each side of whose base 
is 6 and whose altitude is 12. 
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Ex. 1139. Of a regular hexagonal pyramid, each side of whose base is 
6 and whose altitude is 16. 

Ex. 1140. Of a frustum of a regular triangular pyramid, the sides of 
whose bases are 12 and 4, and whose altitude is 16. 

Ex. 1141. Of a frustum of a regular quadrangular pyramid, the sides 
of whose bases are 12 and 8 and whose altitude is 14. 

Ex. 1142. Of a frustum of a regular hexagonal pyramid, the sides of 
whose bases are 10 and 5, and whose altitude is 18. 

Ex. 1143. Find the volume of a truncated right triangular prism, the 
sides of whose base are 0; 8, and 10, and whose lateral edges are 5, 8, and 
7, respectively. 

Ex. 1144. The total surface of a cube is 336 cu. in. Find its volume. 

Ex. 1145. The lateral area of a right prism is 140, and its base is a 
triangle whose sides are 5, 7, and 8. Find its volume. 

Ex. 1146. Find the volume of an oblique prism whose base is a regular 
hexagon inscribed in a circle of radius 5 in., if a lateral edge be 8 in. and 
its projection on the plane of the base be 3 in 

Ex. 1147. Tlie base of a pyramid whose altitude is 24 is a square of 
side 10. Find the area of a section 4 in. from the vertex and parallel to 
the base. 

Ex. 1148. How far from the vertex, on the lateral edge a, must a 
plane II to the base be passed to divide a pyramid into two equivalent parts ? 

Ex. 1149. The altitude of a pyramid, having a regular hexagon, of 
side 8 in., for its base, is 28 in. Find the distance from the vertex of a 

3\/3 

section whose area is — ~ sq. in. 
2 ^ 

Ex. 1150. Find the surface and volume of a cube in which the diag- 
onal of each face is 15 in. 

Ex. 1151. Find the surface and volume of a cube whose diagonal is 
30 in. 

Ex. 1152. The right-section of a right prism is a quadrilateral ABCD^ 
in which ^5 =7 in., 5(7 = 20 in., Ci) = 16 in., 2)^ = 24 in., and the 
angles at A and C are right angles. If the height of the prism is 12 in., 
find its entire surface and volume. 

Ex. 1153. Find the lateral area of a right pyramid having the same 
base and height as a cube whose edge is 10 in. 

Ex. 1154. The diagonals of a rectangular parallelopiped are equal. 
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Ex. 1155. Find the lateral area of the frostam of a pyramid the alti- 
tude of which is 15 m., and the bases are squares of sides 40 in. and 24 
in., respectively. 

Ex. 1156. A cone 12 in. in. height and 16 in. in diameter at the base is 
cut by a plane parallel to the base and 9 in. from it. Find the lateral 
area and volume of the fnistum so formed. 

Ex. 1157. The midpoints of two pairs of opposite edges of a tetra- 
edron determine a parallelogram. 

Ex. 1158. The length of a prism is 10 in., /ind a right section is a 
regular hexagon of side 8 in. Find the surface and volume of the greatest 
possible cylinder, of the same axis, that can be cut from the prism. 

Ex. 1159. The base of a right pyramid is a regular hexagon of side 
20 in., and the lateral faces are inclined to the base at an angle of 60°. 
Find the volume. 

Ex. 1160. Lines joining the midpoints of opposite edges of a tetra- 
edron meet in a point and bisect each other. 

Ex. 1161. The altitude of a cone is 27 in., and its curved surface is 7 
times the area of its base. Find the radius of the base. 

Ex. 1162. The sum of the squares of the four diagonals of a parallelo- 
piped is equal to the sum of the squares of the twelve edges. 

Ex. 1163. In any tetraedron the straight lines which join the inter- 
sections of the medians of any face with the opposite vertex meet in a 
point which divides each line in the ratio 1 : 3. 

Ex. 1164. Find the edge of the greatest cube that can be cut from a 
right pyramid a inches high, and having a square base of side h inches, 
one face of the cube being in the plane of the base of the pyramid. 

Ex. 1165. Find the total surface of a regular tetraedron, if the perpen- 
dicular from one vertex to the opposite face is 5 inches. 

Ex. 1166. The ends of a frustum of a cone are respectively 8 inches 
and 2 inches in diameter. If the lateral area is equal to the area of a 
circle whose radius is 6 inches, find the altitude of the frustum. 

Ex. 1167. The comers of a cube are cut off by planes which pass 
through the middle points of each set of edges meeting at a common vertex. 
If the edge of the cube is 2 feet, find the volume of the solid formed. 



BOOK VIII 

THE SPHERE 



671. Def. a sphere is a solid bounded by a surface, all the 
points of which are equally distant from a point within called 
the center. 

672. Def. The radius of a sphere is a straight line drawn 
from the center to any point in the surface. 

673. Def. The diameter of a sphere is a straight line pass- 
ing through the center and terminated at either end by the 
surface. 

674. From the definitions it follows that 

(1) All the radii of a sphere are equal, and all diameters are 
equal. 

(2) A semicircle rotating about its diameter generates a 
sphere. 

(3) Two spheres are equal if their radii are equal, and 
conversely, 

(4) A point is without a sphere if its distance from the 
center is greater than the radius. 



Ex. 1168. The radii of two spheres are respectively 10 in. and 4 in., 
their lines of centers (i.e. the line joining their centers) is 7 in. Is every 
point of the smaller sphere lying within the larger one ? 
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Proposition I. Theorem 

675. Every section of a sphere made by a plane is 
a circle. 




Hyp. CBD is the intersection of plane MNy and a sphere 
whose center is 0. 

To prove CBD is a circle. 

Proof. From draw OA ± to MK 
Draw CA, AB, CO, and OB. 

Since OC = OB, 

CA = AB. (474) 

Since any two points B and C in CBD are equidistant from 
Ay all points must be equidistant from A, 

Or CBD is a circle. qe.o. 

676. Cor. 1. A circle nearer to the center of a sphere is 
greater than one more remote. 

For since AC^ = OC^ — AO^, AC is the smaller, the greater 
AO. 

677. Dep. a great circle of a sphere is a section made by a 
plane passing through the center. 
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678. Def. a small circle of a sphere is a section made by a 
plane not passing through the center. 

679. Def. The axis of a circle of a sphere is the diameter 
perpendicular to the plane of the circle ; its ends are the poles 
of the circle. 

680. CoR. 2. The axis of a circle passes through the center 
of the circle, and conversely. 

681. Cor. 3. All great circles of a sphere are equal. 

682. Cor. 4. Any two great circles of a sphere bisect each 
other. 

For since the plane of each contains the center of the sphere, 
their intersection is a diameter and bisects both circles. 

683. Cor. 5. Every great circle bisects the sphere. 

684. Cor. 6. One and only one circle may be drawn through 
any three points in the surface of a sphere. (A plane is deter- 
mined by three points.) 

685. Cor. 7. A great circle may be drawn through two 
points B and C in the surface of a sphere. (Three points, B, 
C, and the center O, determine a plane.) 

Generally there is only one great circle which passes through 
two given points, but if the given points are ends of a diame- 
ter, any number of great circles can be passed through these 
points. 

686. Def. The distance between two points on the surface of 
a sphere is the length of the minor arc of a great circle 
between them. 

Ex. 1169. What is the radius of a small circle, if the distance of its 
plane from the center of the sphere is 9 in., and the radius of the sphere 
is 15 in. 
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Pboposition II. Theobem 



687. All points in the circumference of a circle of a 
sphere are equidistant from a pole of the circle. 
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Hyp. P and -P axe the poles of circle ABC of a sphere. 

To prove arc PA = arc PB = arc PC, 

and arc PA = arc P5 = arc PC. 

Hint. — Prove by means of (473) the equality of straight lines PA, 
PB, and PC. 



}. Def. The polar distance of a circle of a sphere is the 

distance of a point in the circumference from the nearer pole. 

689. Scholium. A quadrant in Spherical Geometry is the 
fourth part of the circumference of a great circle. 

690. Cob. The polar distance of a great circle is a quadrant. 



Ex. 1170. The polar distance of a circle of a sphere is 60°, and the 
radius of the sphere is 1*3 in. Find 

(a) the distance of its plane from the center. 

(b) the radius of the circle. 
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Pboposition III. Theobem 

691. On the surface of a sphere, a pbint at a quad- 
rants distance from two other points, not the extremi- 
ties of a diameter, is the pole of a great circle passing 
through these two points. 




Hyp. P, A, and B are three points on the surface of a 
sphere, and PA and PB are quadrants. 

To prove P is the pole of a great circle AB, 

Hint. — Prove that a line OP is perpendicular to plane ABO by means 
of (461). 



Scholium. Theorem III enables us to construct a 
great circle through two points on the surface of a material 
sphere by means of the compasses. 

From the given points A and B as centers draw arcs with a 
radius equal to the chord of a quadrant, intersecting in P. 
From P, with the same radius, draw a circle which is the 
required one. 

693. Def. a plane is tangent to a sphere when it has one and 

only one point common with the surface of a sphere. 

694. Def. A line is tangent to a sphere when it has one and 
only one point common with the surface of a sphere. 
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695. Def. Two spheres are tangent if their surfaces have 
one and only one point common. 

696. Def. A sphere is inscribed in a polyedron if all the 
faces of the polyedron are tangent to the sphere. 

697. Def. A sphere is circumscribed about a polyedron if all 

the vertices of the polyedron lie in the surface of the sphere. 



Proposition IV. Theorem 



A plane perpendicular to a radius of a sphere 
at its extremity is tangent to the sphere. 




"Ryp, Plane MN is ± to radius OA of sphere at its 
extremity A, 



To prove MN is tangent to the sphere. 

Proof. Join any other point B in MN to A and 0. 

Then OB > AO. 



(476) 



Hence B lies without the sphere. 

Therefore, every point of MN, except A, lies without the 
sphere, and MN is tangent to the sphere. qed. 
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699. Cor. 1. Any straight line perpendicular to the radius 
of a sphere at its extremity is a tangent to the sphere. 

700. Cor. 2. Any line or plane tangent to a sphere is per- 
pendicular to the radius drawn to the point of contact. 

Proposition V. Theorem 

701. A sphere may be circumscribed about any 
tetraedron. 



D 
Hyp. ABCD is a tetraedron. 
To prove a sphere may be circumscribed about ABCD, 

Proof. Let E and F be respectively the centers of the 
circumscribed circles of A ADC and BCD. 

Draw EH± to plane ABC, and FI ± to plane BCD. Join 
K, the midpoint of DC, to F and E. 

Then KF and KE are ± to DC. (Ill) 

Hence plane FKE is ± to DC. (461) 

.-. plane FKE is ± to ACD. (602) 

.-. ITE lies in plane FKE, (504; 

and in like manner IF lies in this plane. 
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Hence HE and IF must meet in some point, as 0. 

Since is in the perpendicular UH^ it must be equidistant 
from A, D, and C. (473) 

And since it is in FI it is equidistant from B, C, and Z>. (473) 

Hence is equidistant from A, B, C, and Z>, and a sphere 
described from as a center with a radius equal to -40 will be 
circumscribed about the tetraedron. 

702. Cob. Four points not in the same plane determine a 
sphere. 

Proposition VI. Theorem 

703. A sphere may be inscribed in any given tetrae- 
dron. 

B 



D 

Hyp. ABCD is a tetraedron. 

To prove a sphere may be inscribed in ABCD, 

Proof. Bisect any three diedral angles as AD, DC, and AC 
by the planes OAD, ODC, and OAC 

Then is equidistant from the four faces of the tetraedron. 
[To be completed by the student.] 

704. CoR. The six planes bisecting the diedral angles of a 
tetraedron meet in a point. 
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Pboposition VII. Problem 
706. To construct the diameter of a material sphere. 






Given. A material sphere ABCE. 
Required. The diameter of the sphere. 

Construction. From any point P as center, with any [opening 
of compasses as] radius, draw circumference ABO, 

Measure [with compasses] the three chords AB^ BC^ and CA, 
and in any plane construct A A'B^C, having its sides respec- 
tively equal to AB, BCy and CA. 

Construct D'A^ the radius of the circumscribed circle A'B'C. 

Draw right triangle P"A"D"f having the hypotenuse P"A" = 
PA, and one arm D"A" = D'A\ 

At A" draw ^"^"± to P"A'', meeting P'D" produced in E". 

Then P'^E" is the required diameter. 

[The proof is left to the student.] 

706. Def. The angle between two intersecting curves is the 
angle formed by the tangents at the point of contact. 

707. Def. A spherical angle is the angle between two inter- 
secting great circles. 

Ex. 1171. The volume of any tetraedron is equivalent to its surface 
multiplied by one-third the radius of the inscribed sphere. 

Ex. 1172. If in the diagram for Prop. VII, A'B C is an equilateral 
triangle, find the angles between chord A'B' and arc A B', 
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Proposition VIII. Theorem 

708. A spherical angle is measured hy the arc of a 
great circle described from its vertex as a pole, and in- 
eluded between its sides, produced if necessary. 




Hyp. DPE is the spherical angle formed by the great circles 
PAC and PBC. AB is an arc of a great circle having P for 
its pole. 

To prove Z DPE is measured by are AB, 

Proof. Draw radii OA and OB. 
Z PDA is measured by quadrant PA, 
Hence ^0 is ± to OP. 

But i>P is ± to OP, 

and AO and DP are in the plane of PAO, 
Hence AO is II to DP, 

Similarly BO is II to EP, 

.\ZDPE = ZAOB. 
But Z AOB is measured by arc AB. 
Hence Z DPE is measured by arc AB. 



(192) 

(84) 

(468) 



Q.e.0. 



709. Cor. An angle formed by two great circles is equal to 
the plane angle of the diedral angle formed by their planes. 
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SPHERICAL POLYGONS 

710. Dep. a spherical polygon is a portion of the surface 
of a sphere bounded by three or more arcs of great circles. 

The arcs are the sides, their points of intersection are the 
vertices, and the spherical angles formed by the sides are the 
angles of the polygon. 

711. Def. a diagonal of a spherical polygon is an arc join- 
ing any two non-adjacent vertices. 





ThuSy ABCD is a spherical polygon, AB, BC, etc., its sides, 
Ay B, C, etc., its vertices, and A ABC, BCD, etc., its angles. 

712. Dep. A spherical triangle is a spherical polygon of 
three sides. It is called isosceles, equilateral, etc., in the same 
cases in which a plane triangle would be so called. 

The planes of the sides of a spherical polygon form at the 
center a polyedral angle ( — ABCD) which is said to corre- 
spond with the spherical polygon. 

The sides of the spherical polygon are measured by the sides 
of the corresponding polyedral angle, its angles are equal to 
the diedral angles of the corresponding polyedral angle. 

713. Eemark. — By means of the relations between the parts 
of a spherical polygon and those of its corresponding polyedral 
angle, we can deduce from any theorem of polyedral angles an 
analogous one of spherical polygons. 



338 



SOLID GEOMETRY 



714. A spherical polygon is convex if its corresponding 
polyedral angle is convex. All spherical polygons are sup- 
posed to be convex polygons unless stated otherwise. 

716. Spherical polygons are symmetrical if their corres- 
ponding polyedral angles are symmetrical. Evidently, their 
parts must be respectively equal, but follow in reverse order. 

In general, two symmetrical spherical polygons cannot be 
made to coincide. 

The sides of a spherical polygon are usually measured in 
degrees. 

Proposition IX. Theorem 

716. The sum of two sides of a spherical triangle is 
greater than the third side. 





Hyp. ABC is a spherical triangle. 

To prove AB-{-BC> AC. 

Proof. Draw radii OA, OB, and OC. 

Then Z AOB + Z BOC >Z.AOC (522) 

But the central angle is measured by the intercepted arc. 

.-. AB + BC> AC. Q.E.D. 
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Proposition X. Theorem 

717. The sum of the sides of any spherical polygon 
is less than four right angles. 







Hyp. ABODE is a spherical polygon. 

To prove AB + BC ^- CD -{- DE ^ EA< 360^ 

Hint. — Construct the corresponding polyedral angle and compare 
Remark (713). 

Proposition XI. Theorem 

718. Tioo triangles on the same sphere are equal : 

(1) If tivo angles and the included side of the one 
are respectively equal to tioo angles and the included 
side of the other, 

(2) If tivo sides and the included angle of the oiu 
are respectively equal to two sides and the included 
angle of the other, 

(3) If three sides of the one are respectively equal 
to three sides of the other, 

Provided the equal parts are arranged in the same 
order. 

Hint. — Prove the equality of the corresponding polyedral angles. 

719. Cor. Two symmetrical isosceles triangles are equal. 
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Proposition XII. Theorem 

720. Two triangles on the same sphere are sym- 
metrical : 

(1) If tivo angles and the included side of the one 
are respectively equal to two angles and the included 
side of the other, 

(2) If two sides and the included angle of the one 
are respectively equal to two sides and the included 
angle of the other , 

(3) If three sides of the one are respectively equal 
to three sides of the other. 

Provided the equal parts are arranged in the reverse 
order. 

Hint. — Prove that the corresponding polyedral angles are symmetrical. 

721. Remark. — The equality of spherical angles and arcs is 
usually proven by means of equal or symmetrical triangles. 

Proposition XIII. Theorem 

722. The base angles of an isosceles spherical triangle 
are equal. 




Hint. — Bisect the vertical angle and prove that two symmetrical tri- 
angles are formed. 
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723. Gob. An equilateral spherical triangle is also equi- 
angular. 

724. Remark. — Many theorems of Spherical Geometry may be 
proved by methods analogous to those of Plane Geometry. 

725. Note. —In propositions relating to spherical figures, the words, 
*' lines," ** bisectors," ** perpendiculars," etc., are often used for arcs of 
great circles, arcs of great circles bisecting spherical angles, etc. 



Ex. 1173. Every point in a perpendicular bisector of an arc of a great 
circle is equidistant from the ends of the arc. 

Ex. 1174. Two points equidistant from the ends of an arc of a great 
circle determine the perpendicular bisector of the arc. 

Ex. 1175. To bisect a spherical angle. 

Ex. 1176. To bisect an arc of a great circle. 

Ex. 1177. At a point in a given arc of a great circle, to draw a perpen- 
dicular to the arc. 

Ex. 1178. From a point without, to draw a perpendicular to a given 
great arc. 

Ex. 1179. If the opposite sides of a spherical quadrilateral are equal, 
the opposite angles are equal. 

Ex. 1180. Vertical spherical angles are equal. 

Ex. 1181. If two semicircumferences have common ends, they include 
equal angles. 

Ex. 1182. If the opposite sides of a spherical quadrilateral are equal, 
the diagonals bisect each other. 

Ex. 1183. To circumscribe a circle about a spherical triangle. 

Ex. 1184. At a given point in a great circle, to draw an angle equal 
to a given angle. 

Ex. 1185. To construct a spherical triangle having given two sides and 
the included angle. 

Ex. 1186. To construct a spherical triangle having given three sides. 

Ex. 1187. To construct a spherical triangle having given the base, the 
altitude, and the median corresponding with the base. 

Ex. 1188. The three bisectors of a spherical triangle meet in a point. 

Ex. 1189. The bisectors of the base angles of an isosceles spherical 
triangle are equal. 
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Ex. 1190. A central angle of a circle on a sphere is measured by the 
intercepted arc. 

Ex. 1191. If two small circles on a sphere intersect, their line of centres 
bisects the common chord at right angles. 

Ex. 1192. A radius perpendicular to a chord of a small circle on a 
sphere bisects the chord. 

Ex. 1193. In a circle on a sphere, equal chords are equidistant from 
the pole. 

726. Def. Two spherical polygons are vertical if their 
corresponding polyedral angles are vertical. 

J5L 



^^ B 

Ex. 1194. Two vertical spherical triangles are symmetrical. 

POLAR TRIANGLES 

727. Dep. If from the vertices of any spherical triangle 
as poles arcs of great circles are described, another triangle 
will be formed which is called the polar triangle of the first. 




Thu§f, if A is the pole of great circle B^C\ B the pole of 
great circle AC\ and C the pole of great circle A^B\ AA'B'C 
is the polar triangle of ABC. 
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If from the poles A, B, and C entire circles should be 
described, eight triangles would be formed. 

The polar triangle is selected by the following method: 
Denote the vertex formed by the intersection of the arcs from 
B and C by ^', then of the four points of intersection that 
one is A' whose distance from A is less than a quadrant. 
Similarly for B' and C". 



Proposition ' XIV. Theorem 

728. If one spherical triangle is the polar triangle of 
another J then the second spherical triangle is the polar 
triangle of the first. 





Hyp. A'B'C is the polar triangle of ABC. 
To prove ABC is the polar triangle of A'B'C 

Proof. Since A is the pole of B'C, the distance AB' is a 
quadrant, and since C is a pole of A'B', the distance B'C is 
a quadrant. 

Therefore, B' is the pole of AC. (691) 

Similarly, A' is the pole of BC, 

and C is the pole of AB. 

But the distances AA', BB* CC are less than a quadrant. 
Hence ABC is the polar triangle of A'B'C. q.e.d. 
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Proposition XV. Theorem 

729. In two polar triangles^ each angle of the one is 
measured by the supplement of the opposite side of 
the other. 

(f 




Hyp, ABC and A'B^C are polar triangles. 
To prove Z C is the supplement of B'A'. 

Proof. Produce the sides of C till they meet B'A' in D and 
E respectively. 

Then Z C is measured by arc BE, (708) 

and B'E and DA' are each 90^ 

But DE + B'A' = B'E + DA' or 2 rt. A 

Hence DE and B'A' are supplementary. 

.', Z C and B'A' are supplementary. q.e.d. 



Ex. 1195. The sides of a spherical triangle are 60% 60'', and 100''. 
Find the angles of the polar triangle. 

Ex. 1196. The angles of a spherical triangle are 20% 90% 80^ Find 
the sides of the polar triangle. 

730. Eemark. — Polar spherical triangles are the means of 
proving propositions relating to angles by the corresponding 
propositions relating to sides^ and vice versa. 
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Proposition XVI. Theorem 

731. The sum of the angles of a spherical triangle is 
greater than two and less than six right angles. 




Hyp. ABC is a spherical triangle. 
To prove ZA-\-ZB-\-ZC>lSO% 

and ^^-f-Z5 + ZC<540°. 

Proof. Construct the polar triangle A'B-C, and denote the 
number of degrees in B'C, CA', and A'B', respectively, by 
a, b, and c. 

Then A = 180° - a. (729) 

B = 180° - b. 
(7=180°-c. 
Adding the equations, we obtain 

A-\-B-h C= 540° -(a + 6 + c). 
Hence ^ + 5+C<540°. 

But (a-\-b-\-c)< 360°. (717) 

Hence A-^B-\-C> 180°. q.e.d. 

732. Cor. A spherical triangle may have one, two, or three 
right angles, also one, two, or three obtuse angles. 

733. Def. a bi-rectangular spherical triangle is one which 
contains two right angles. 
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734. Def. a tri-rectangular spherical triangle is one which 
contains three right angles. 

736. Cor. 1. If three planes be passed through the center 
of a sphere, each perpendicular to the 
other two, the surface is divided into 
eight equal tri-rectangular triangles 
having all their sides equal to quad- 
rants. 

736. Cor. 2. The surface of a sphere 
is equal to eight times the surface of a 
tri-rectangular triangle. 




Ex. 1197. The exterior angle of a spherical triangle is less than the 
sum of the two remote interior angles. 

Ex. 1198. The sum of the angles of a spherical quadrilateral is greater 
than four right angles. 

Ex. 1199. A tri-rectangular triangle is equal to its polar triangle. 



Proposition XVII. Theorem 

737. If tivo angles of a spherical triangle are equal, 
the sides opposite are equal. 




Hyp. In spherical triangle ABC, ZB=^ZO. 
To prove AB = AC. 
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Proof. Construct polar A A'B'C. 

Then A'B' is the supplement of Z C, and A'C the supplement 
otZB, 

Hence A'B' = ^'0'. 

.-. ZB' = ZC'. (722) 

But ^5 and AC are respectively the supplements of C 
and 5'. 

Whence AB = AC. aE.D. 



Ex. 1200. An equiangular spherical triangle is also equilateral. 

Ex. 1201. If on the three sides AB, BC, and CA of the equilateral 
spherical triangle ABC, equal distances AA', BB', and CC be laid off, 
then A'B'C^ is also an equilateral triangle. 

Proposition XVIII. Theorem 

738. In any spherical triangle, the greater side is op- 
posite the greater angle. 



Hyp. In spherical triangle ABC, Z BCA > Z BAC. 
To prove AB > BC. 

Proof. Draw an arc of a great circle CD so that Z DCA=ZAf 
and let D be the intersection of AB and DC. 

Then AD=DC (737) 

But DB-\-DC>BC (716) 

.-. DB-\-AD>BO. 
Or AB> BO. aE.D. 



Ex. 1202. If BC is the base of an isosceles spherical triangle ABC, and 
D any point in AC^ then BD > CD. 
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Proposition XIX. Theorem 

739. In any spherical trianghy the greater angle is 
opposite the greater side. 




Hyp. In spherical A ABCf AB > EC. 
To prove ZC>ZA. 

Hint. — Prove by the indirect method. 



Ex. 1203. Prove Prop. XIX by means of polar triangles. 

Proposition XX. Theorem 

740. Iftioo triangles on the same sphere are mutually 
equiangular^ they are mutually equilateral, and either 
equal or symmetrical. 





Hyp. Spherical A A and A are mutually equiangular. 

To prove A and A are mutually equilateral and either equal 
or symmetrical. 

Proof. Construct P the polar triangle of A, and P the polar 
triangle of A. 
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Since A and A' are mutually equiangular, (Hyp.) 

P and P are mutually equilateral. (729) 

Hence P and P are mutually equiangular. (718, 720) 

But A and A' are the polar triangles of P and P. 

Hence A and A' are mutually equilateral. (729) 

Hence A and A' are either equal or symmetrical. q-e.d. 



Ex. 1204. If the opposite angles of a spherical quadrilateral are equal, 
the opposite sides are equal. 

Hint. — Produce two opposite sides in both directions until they meet, 
and find two equal triangles. 

Ex. 1205. If two angles including a side of a spherical quadrilateral 
are equal, and the other two angles are equal, then the sides included by 
the unequal angles are equal. 

Ex. 1206. If two great arcs are intersected by a transversal so as to 
make the alternate interior angles equal, the segments of the two great 
arcs are respectively equal. 

Proposition XXI. Theorem. 

741. The shortest line that can he drawn hetiveen 
two points on the surface of a sphere is the arc of a 
great circle, not greater than a semicircumference, join- 
ing these points. 




Hyp. AB is an arc of a great circle, smaller than a semi- 
circumference- 
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To prove AB is shorter than any other line on the sphere 
joining A and B. 




^ooi. Take any point C on AB, and from A and B as 
centers, with radii respectively equal to AC and BC, draw two 
circles. These two circles cannot meet in any other point, for 
if they should meet in some point D, the sum of two sides AD 
and DB of A ADB would not be greater than the third side AB, 

Any other line AEFB between A and B must, therefore, inter- 
sect the circumferences in two points E and F, respectively. 

But AEFB cannot be the shortest line between A and B, for 
by revolving AE about A, and BF about F till E and F coin- 
cide with (7, we would obtain a line joining A and B which is 
shorter than AEFB. 

Hence, the shortest line between A and B must pass 
through C. 

But since C is any point in AB, the shortest line between A 
and B must coincide with AB, 

Or AB is the shortest line joining A and B, aE.D. 

MEASUREMENT OF SPHERICAL FIGURES 

742. Dep. a lune is a portion of a 
spherical surface bounded by two semi- 
circumferences of great circles, as ABCD. 

743. Def. The angle of the lune is the 
spherical angle included by the arcs. 

Evidently, lunes on the same sphere are 
equal if their angles are equal. 
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Proposition XXII. Theorem 

744. Two lunes on the same sphere or equal spheres 
are to each other as their angles. 




\E \F 



Hyp. ACBD and AEBF are lunes on the same sphere. 
ACBD Z CAD 



To prove 



AEBF Z EAF 



Proof. Case I. The angles are commensurable. 
Let a common measure H be contained in Z CAD m times, 
and in Z EAF n times. 



Then 



/.CAD ^m 
/.EAF n 



Producing the lines of division, lune ACBD will be divided 
into m, and lune AEBF into n equal parts. 



Hence 



Thence 



ACBD ^m 
AEBF n 

ACBD ^ Z CAD 
AEBF Z EAF' 



Case II. The angles are incommensurable. 
[Proof by student who may compare (214).] 
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745. Cor. A lune is to the surface of the sphere on which 
it lies as its angle is to four right angles. 

746. SoHoftuM. The area of a tri-rectangular triangle is 
often taken as the unit of surface in Spherical Geometry. The 
area of the sphere is then measured by 8, the area of a hemi- 
sphere by 4, and the area of a lune by twice its angle. 

For if A be the angle of the lune, then lune : 8 = -4 : 4, or 
lune = 2 A, 

Proposition XXIII. Theorem 

747. Symmetrical triangles on the same sphere are 
equivalent 





Eyp. ABC and A'B'O are symmetrical, spherical triangles. 
To prove A ABC =c= A A'B'C 

Proof. Let P and P be the poles of small circles passing 
through A, B, C and A', B\ C, respectively. 

Since arcs AB, BC, CA are equal respectively to arcs A*B\ 
B'C\ CA', 

Chords ABy BC, CA are equal respectively to chords 
A'B', B'C, CA', 

Hence plane A ABC and A' B'C are equal. (106) 

Hence circle ABC = circle A' B'C. (181) 

Join PA, PB, PC, PA', PB', and PC. 

These arcs are equal. (687) 

Hence A ABP and A'B'P are isosceles and symmetrical. 
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Hence A ABP = A A'B'P'. 

Similarly, A ACP = A A'CP*, 

ABCPr=AB'aP', 
Hence by addition 

3xea,AABC = area A ^'5' C. 



(719) 



aE.D. 





748. Scholium. If the poles of A ABC and of AA'B'C 
lie without the triangles, the proof has to be slightly modified. 

Hint. AABC^ABO -^ BCO -- ACO. 



749. Cor. If two arcs of great cir- 
cles ABC and DBE intersect on the 
surface of a hemisphere, the sum of 
the areas of two opposite spherical 
triangles ABE and DBC is equiva- 
lent to a lune whose angle is equal 
to the angle ABE, included by the 
two arcs. 

Hint. AABE<>ADCF. 



750. Def. The spherical excess of a spherical triangle is 

the excess of the sum of its three angles over two right aDgles. 

Thus, if A, B, and C are the three ang^.^s of a triangle 

expressed in right angles, and the spherical excess is denoted 

by E, then 

E=A-\-B-\-C'-2. 
2a 
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Proposition XXIV. Theorem 

751. If the right angle he taken as angular unity and 
the tri-rectangular triangle as unit of surface^ the area 
of a spherical triangle is measured by the spherical 

excess. 





Hyp. ABC is a spherical triangle. 

To prove. Area ABC = A-\- B-\- C —2, if the angular unit 
is the right angle, and the unit of surface the tri-rectangular 
triangle. 

Proof. Complete the circumference ACDE, and produce 
AB and CB until they meet ACD in D and E respectively. 

Then, since A ABC -\- ABED is equivalent to the lune, 
whose angle is ecjual to Z ABC, (749) 

ABC ^ BED =0=2 B. 
But ABC + ABE =o= 2 (7, (746) 

ABC -{- BCD =0=2 A. (746) 

By adding these etjuations, we obtain 

S ABC -\- BED -h ABE + BCD = 2 (A -\- B -^ C). 
But ABC + BED + ABE + BCD equals a hemisphere or 4. 
Hence 2 ABC +4: = 2 (^ + ^ + O), 

or ABC-\-2 = A-hB-\-C 

Whence area ABC =^ + 5-f(7-2. ^^o. 
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752. Cor. The area of a spherical triangle is to the surface 
of the entire sphere as its spherical excess is to 8. 



Ex. 1207. If the surface of a sphere is 40 sq. ft., find the area of a 
spherical triangle whose angles are respectively 40°, 60^, and 100°. 

Ex. 1208. What fraction of the surface of a sphere is covered by a 
spherical triangle whose angles are 90^, 100°, and 1 10°, respectively ? 

Ex. 1209. How large is the angle of an equiangular spherical triangle 
whose area is one-fourth of the surface of the sphere ? 

Ex. 1210. What is the ratio of a lune whose angle is equal to 80°, and 
the area of an equilateral spherical triangle whose angle is equal to 80° ? 

Ex. 1211. The arms of an isosceles spherical triangle whose base angles 
are 80° are produced so as to form a lune. Find the vertical angle if the 
triangle is the third part of the lune. 

Ex. 1212. The angles of a spherical triangle are 80°, 90°, and 100°. 
Find the angle of an equivalent lune. 

Proposition XXV. Theorem 

753. If the right angle be taken as the angular unit, 
and t/ie tri-rectangular triangle as unit of surface, the 
area of any spherical polygon is equal to the sum of its 
angles diminished by twice the number of its sides less 
two. 

B 




Hyp. ABCD'" is a spherical polygon of n sides. 

To prove ABCD'" is measured hy(A-^B-{-C-{--")-2(n—2). 
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B 




Proof. Draw all diagonals from A, which will divide 
ABCD"- into n — 2 triangles. 

The area of each triangle is equal to the sum of its angles 
less 2. (751) 

Hence the area of the polygon ABCD-" Is equal to 

(-4 + 5 + (7+...)-2(n-2). „.o. 

754. Scholium. Props. XXIV and XXV do not give us 
the absolute, but the relative size of areas on the sphere. 



Ex. 1213. Find the area of an equiangular hexagon whose angle is 
160°. (The tri-rectangular triangle taken as unit.) 

Ex. 1214. What fraction of the surface of the sphere is covered by 
the hexagon of the preceding exercise. 

Ex. 1216. The angles of a spherical quadrilateral are 90°, 100°, 110% 
and 120°. Find the angle of an equivalent equilateral triangle. 

Ex. 1216. Find the angle of an equiangular spherical triangle equiva- 
lent to the sum of three equilateral triangles whose angle is 70°. 

Ex. 1217. The medians of a spherical triangle meet in a point. 

Ex. 1218. The intersection of two spheres is a circle whose plane is 
perpendicular to the line of centers. 

Ex. 1219. The line of centers of two spheres is 13. Find the radius 
of the circle of intersection if the i*adii of the spheres are 6 and 12 
respectively. 

Ex. 1220. The volume of a circumscribed polyedron is equivalent to 
its surface multiplied by one-third of the radius. 
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Proposition XXVL Theobem 

755. The area generated by the revolution of a straight 
line about an axis in its plane is equal to the projection 
of the line upon the axis multiplied by the circum- 
ference of a circle ichose radius is the perpendicular 
erected at the midpoint of the line and terminating in 
the axis. 

X 




Hyp. AB revolving about an axis XFin its plane produces 
surface ABKy CD is the projection of AB upon XY, and EF 
is the perpendicular bisector of AB terminating in XY, 

To prove ABK = CD x 2 irEF, 

Proof. Draw EO II to BD and AH W to CF. 
The surface ABK is the lateral surface of a cone of revolu- 
tion. 

area ABK =^5x2 irEO, (1) (668) 

AABH^AEFO. (291) 

AB^AH 
" EF EO 

ABxEG = AHx EF, 

or AB X EO = CD X EF. 

Multiplying both sides by 2 tt we have from (1). 

.-. area ABK = CD x 2 wEF. q.e o. 



Hence 
But 



Whence 
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766. Def. a zone is a portion of a spherical surface in- 
cluded between two parallel planes. 

757. Def. The circumferences of the sections made by the 
planes form the bases of the zone, and the distance between the 
two planes is the altitude of the zone. 



Ex. 1221. In the diagram for Prop. XXVI, find the area ABK, if 
EF is equal to 10 in., AB is equal to 8 in., and angle BH is one-third of 
a right angle. 

Pboposition XXVII. Theorem 

758. The surfctjce of a sphere is equivalent to four 
times the area of a great circle. 




Hyp. S is the area of the surface, R the radius of a sphere 
generated by revolving semicircle ABE about AE, 

To prove S = 4t irIP, 

Proof. Inscribe in the semicircle half of a regular polygon 
of an even number of sides, as ABODE* 

Draw BO, CO, and DH perpendicular to AE, and denote 
the common distance of the chords AB, BO, OD, and DE 
from by d. 

Then area ^5* = A0x2ird, (755) 

area BO = 00 x2ird, etc. 
* Area AB means area generated by AB, 



MEASUREMENT OF SPHERICAL FIGURES 359 

Adding the equations 

area ABODE = (AG + GO -h OiJ + HE) x 2 ird 

or area ABODE = 2J?x2 7rd = 4 Rnd. 

Now let the number of sides of the inscribed polygon be 
increased indefinitely. Then the area ABODE approaches S, 
and d approaches ii^ as a limit. 

Hence /S' = 4 7r2P. (213) ^^o. 

759. Cor. 1. The areas of the surfaces of two spheres are 
to each other as the squares of their radii. 

760. CoR. 2. The area of a zone is equal to its altitude 
multiplied by the circumference of a great circle. 

The zone generated by the revolution of arc BO is equal to 
GO x2 irR. (See diagram for Prop. XXVII.) 

761. CoR. 3. Zones on the same or on equal spheres are to 
each other as their altitudes. 

762. Scholium. Prop. XXVII, in connection with Props. 
XXIV, XXV, and 746, enables us to find the absolute size 
of spherical surfaces. 

Ex. 1222. Find the surface of a sphere whose radius is 10. 

Ex. 1223. Find the surface of a zone whose altitude is 5, if the radius 
of the sphere is 20. 

Ex. 1224. Find the number of square feet in the surface of a lune 
whose angle is 40°, if the radius of the sphere is 20 ft. 

Ex. 1225. Find the number of square feet in the surface of a spherical 
triangle, if its angles are respectively equal to 80°, 90°, and 100°, if the 
radius of the sphere is 20 ft. 

Ex. 1226. Find the number of square feet in a hemispherical dome 
whose diameter is 40 ft. 

Ex. 1227. The surface of a sphere is 100 square meters. Find the 
radius. 

Ex. 1228. Find the angle of an equilateral spherical triangle on a 
sphere whose radius is 2, if the area of the triangle is equal to t. 
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SPHERICAL VOLUMES 

763. Def. a spherical sector is the solid generated by any 
plane sector of the semicircle when the semicircle revolves 
about its diameter. 

764. The base of the spherical sector is the zone generated 
by the revolution of the arc. 




Thus, the solid generated by the revolution of AOB about 
OD is a spherical sector. 

765. Def. A spherical pyramid is a portion of a sphere 
bounded by a spherical polygon and the faces of the correspond- 
ing polyedral angle. 

The spherical polygon is called the base of the pyramid. 




Thus, OABCD is a spherical pyramid having base ABCD. 

766. Def. A spherical segment is a portion of a sphere 
bounded by two parallel planes. 
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The sections (circles) made by the parallel planes are the 
bases, and the distance between the planes is the altitude of 
the segment. 

If one of the bounding planes is tangent to the sphere, the 
segment is called a segment of one base. 

767. Def. a spherical wedge (or ungula) is the portion of a 
sphere bounded by a lune and the planes of its sides. 

Proposition XXVIII. Theorem 

768. TTie volume of a sphere is equal to the area of 
its surface multiplied hy one-third its radius. 

Hyp. V is the volume of a sphere whose radius is R and 
whose surface is S. 

To prove V—Sx^R^ 

Proof. Conceive any polyedron circumscribed about the 
sphere, and let each vertex of the polyedron be joined to the 
center of the sphere. 

The polyedron is then divided into pyramids, each having 
one face as a base and R as the common altitude. 

Therefore, the volume of the polyedron is equivalent to the 
sum of the bases multiplied by one-third of R, or it is equiva- 
lent to the surface multiplied by one-third of the radius. 

But by increasing the number of faces of the polyedron 
indefinitely, its volume will approach the volume of the sphere 
and its surface, the surface of the sphere as a limit. 

Hence V^S x\R. (213) p.E.o. 

769. Cor. 1. If F denotes the volume, i2 the radius, and 2> 
the diameter of the sphere, 

F=4 7ri2»or F=^. 

770. Cor. 2. The volumes of two spheres are to each other 
as the cubes of their radii. 
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771. Cor. 3. The volume of a spherical pyramid is equal to 
the area of its base multiplied by one-third the radius of the 
sphere. 

772. Cor. 4. The volume of a spherical sector is equivalent 
to the area of its base multiplied by one-third the radius of 
the sphere. 

The proof is analogous to the proof of Prop. XXVIII. 

773. Cor. 5. If h denotes the altitude of a spherical sector, 
V its volume, and Z the surface of the base. 

But Z=2irRxK (760) 

774. Cor. 6. The volume of a sphere is to the volume of 
the circumscribed cylinder as two to three. 

For the volume of the circumscribed cylinder is 2irB?. 



Ex. 1229. Find the volume of a sphere whose radius is 10. 

Ex. 1230. Find the volume of a spherical sector whose base is 20, if 
the radius of the sphere is 10. 

Ex. 1231. Find the radius of a sphere whose volume is 100 cu. ft. 

Ex. 1232. Find the volume of a sphere whose surface is equal to 10 
square meters. 

Ex. 1233. Find the surface of a sphere whose volume is equal to M. 

Proposition XXIX. Problem 
775. To find the volume of a spherical segme^it. 




E o A 
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Given. A spherical segment generated by the revolution of 
ABCD about EF. 

Required. To find the volume Vof the spherical segment, if 
AB = ryCD== n, and CA^h, 

Join OD and OB. 

Then the volume generated by ABCD is equal to the spheri- 
cal sector generated by DBO, plus the cone generated by ODCf 
minus the cone generated by BAO, 

Hence 

V=iirIPh -hi^C& . CO -iwAB" . AO, 

= i IT [2 2?;i + (2? - CO*) CO - ( i? - ^fO*) ^ 0] 

= i ^[2 i?;^ + i?(CO - AO) - (CO* - Ad)}. 

But CO — AO = h, and CO^ — JlO'* can be factored, hence: 

V= ^^[2 IPk -^ R'h - h(CO^ -^ CO X AO + A^;\ 

V=^lSIP-(C(f + C0xA0 + AO)y ... (1) 

o 



_ Trft 

But 



h* = (C0-A0y = Cd'-2C0xA0 + A0\ 
and 

CO* + CO X ^0 + Jo* _ 

= fC0' + fJ0»-(^-20^ + ^ 

= f(i?-r' + i?-n«)-| 

2 2 

Hence by substituting this value in (1) 
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776. Cor. In a spherical segment of one base, Vi = 0. 

V— ^^^ -I- — 
' • "26* 



EXERCISES 

Ex. 1234. Find the volume of a spherical segment, the radii of whose 
bases are 4 and 5 and whose altitude is 1. 

Ex. 1235. The volumes of two spheres are to each other as 8 to 126. 
Find the ratio of their radii. 

Ex. 1236. The volumes of two spheres are to each other as 125 to 216. 
Find the ratio of their surfaces. 

Ex. 1237. Find the radius of a sphere whose surface is equivalent to 
the sum of the surfaces of two spheres whose radii are 3 and 4 respec- 
tively. 

Ex. 1238. Find the volume of a spherical shell whose exterior radius 
is 13 and whose thickness is 8. 

Ex. 1239. Find the radius of a sphere equivalent to the spherical shell 
in the preceding exercise. 

Ex. 1240. Find the radius of a sphere equivalent to a cube whose edge 
is equal to a. 

Ex. 1241. A cylindrical vessel, 4 in. in diameter, is partly filled with 
water. Upon immersing a ball the surface of the water rises 1 in. Find 
the diameter of the ball. 

Ex. 1242. A sphere whose radius is 2 in. weighs 32 oz. Find the weight 
of a sphere of the same material whose radius is 3 in. 

Ex. 1243. Find the volume of a spherical pyramid whose base is an 
equilateral triangle with its angles equal to 80°, if the radius of the sphere 
is equal to 10. 

Ex. 1244. A square whose side is 4 revolves about one of its diagonals. 
Find the surface and the volume of the generated solid. 

Ex. 1245. Find the volume of a spherical segment of one base, if its 
curved surface is 20 and its altitude is 2. 

Ex. 1246. Find the radius of a sphere whose surface is equivalent to 
the entire surface of a cube whose edge is equal to 4. 

Ex. 1247. The edge of a cube is 10 in. Find the diameter of the cir- 
cumscribed sphere. 
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Ex. 1248. A lune whose angle is equal to 40° is equivalent to a zone on 
the same sphere. Find the ratio of the altitude of the zone to the radius 
of the sphere. 

Ex. 1249. The diedral angles of a spherical pyramid of six sides are 
140"*. Find the volume of the pyramid if the radius is equal to 10. 

Ex. 1250. Through a sphere whose diameter is 10 m. a cylindrical hole 
of 5 m. diameter is bored. Find the volume of the solid if the axis of the 
cylinder passes through the center of the sphere. 

Ex. 1251. The surface of a sphere is equivalent to the lateral surface 
of the circumscribed cylinder. 

Ex. 1252. Two bi-rectangular spherical triangles are equal if the 
oblique angles are equal. 

Ex. 1253. Find the ratio of a sphere to its circumscribed cube. 

Ex. 1254. The area of a zone on a sphere is 20, its altitude 4. Find 
the radius of the sphere. 

Ex. 1255. If the diagonals of a spherical quadrilateral bisect each other, 
the opposite sides ai*e equal. 

Ex. 1256. The radius of a sphere is 9 in. Find the volume of a spheri- 
cal wedge whose angle is equal to 60°. 

Ex. 1257. Find the radius of a sphere equivalent to a cone of revolu- 
tion, the radius of whose base is equal to r and whose altitude is equal to h, 

Ex. 1258. The area of a zone is equal to A, its altitude is equal to h. 
Find the radius of the sphere. 

Ex. 1259. The volume of a sphere is numerically equal to one-half its 
surface. Find the radius. 

Ex. 1260. The volume of a cylinder of revolution is equal to one-half 
the product of its lateral surface by the radius of its base. 

Ex. 1261. How many square miles of the surface of the earth can be 
seen from a point 1000 miles above the surface, if the earth is supposed to 
be a perfect sphere whose radius is equal to 4000 miles ? 

Ex. 1262. If from a point without a sphere a tangent and a secant be 
drawn, the tangent is the mean proportional between the secant and its 
external segment. 

Ex. 1263. If through the line of intersection of two spheres a plane be 
passed, tangents from a point of the plane to the spheres are equal. 

Ex. 1264. The radius of a sphere is r, the area of a small circle a. Find 
its distance from the center. 

Ex. 1265. The volume of a sphere is V. Find the surface of an equi- 
lateral spherical triangle whose angle is equal to 100°. 
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